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FIGURE 7-13 Two equal mass

objects (a) approach each other
with equal speeds, (b) coilide, and
then {c) bounce off with equal
speeds in the opposite directions if
the collision is elastic, or (d)} bounce
back much less or not at all, if the
collision is inelastic.

Momentum conservation

KE conservation

FIGURE 7-14 Two particles,
of masses m, and m,, (a) before the
collision, and (b) after the collision.
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balls, however, is very close to perfectly elastic, and we often treat it as
such. Even when the kinetic energy is not conserved, the rotal energy is, of
course, always conserved.

Collisions in which kinetic energy is not conserved are said to be in-
elastic collisions. The kinetic energy that is lost is changed into other
forms of energy, often thermal energy, so that the total energy (as always)
is conserved. In this case, we can write that

KE; + KE, = KE; + KE; + thermal and other forms of energy.

See Fig. 7-13.

pIEs] Elastic Collisions in One Dimension—
Solving Problems Using Energy and
Momentum Conservation

‘We now apply the conservation laws for momentum and kinetic energy to
an elastic collision between two small objects {particles) that collide head-
on, so all the motion is along a line. Let us assume that both particles are
initially moving with velocities v, and v, along the x axis, Fig. 7-14a. After
the collision, their velocities are v; and v, Fig. 7-14b. For any v > 0, the
particle is moving to the right (increasing x), whereas for » < 0, the parti-
cle is moving to the left (toward decreasing values of x).
From conservation of momentum, we have

m, + e, = m) + mps
Because the collision is assumed to be elastic, kinetic energy is also conserved:
i 241 = 12 31 2
3mt + 3mps = smp + gmpl

We have two equations, so we can solve for two unknowns. If we know the
masses and initial velocities, then we can solve these two equations for the
velocities after the collision, v{ and v;. We will do this in a moment in some
Examples, but first we derive a useful result. To do so we rewrite the mo-
mentum equation as

my(v; — v1) = my(v; — v3), (i)
and we rewrite the KE equation as
my (v = vi) = my(vy’ — )
or [noting that (a — b)(a + b) = a® — b*] we write this as
my(v, — V() + V) = my(vs — v} + v). (i)
We divide Eq. (ii) by Eq. {i), and (assuming v; # v; and v, # v}) and obtain
YVt Y = v
We can rewrite this equation as
VU, =0y
= —(v; — V). fhead-on elastic collision] (7-7)

This is an interesting result: it tells us that for any elastic head-on collision,
the relative speed of the two particles after the collision has the same mag-
nitude as before (but opposite direction), no matter what the masses are.

Linear Momentum




FIGURE 7-15 In this multi-
flash photo of a head-on collision
between two balls of equal mass,
the white cue ball is accelerated
from rest by the cue stick and then
strikes the red ball, initially at rest.
The white ball stops in its tracks
and the (equal mass) red ball
moves off with the same final

ree - ) ) speed as the white ball had before
m Pool or billiards. A billiard ball of mass m moving with 40 collision. See Example 7-6.
speed v collides head-on with a second ball of equal mass at rest

(v, = 0). What are the speeds of the two balls after the collision, assum-
ing it is elastic?

SOLUTION Since »; = v and », = 0, and my = m, = m, then conser-
vation of momentum gives

mv = my| + muv}
or
v =1 + v

since the m’s cancel out. We have two unknowns (v and v}), so we need
a second equation, which could be the conservation of kinetic energy, or
the simpler Eq. 7-7 we derived from it, which gives
Yy =0, = vy — Y
or
— ! &
V== vy
We subtract this equation from our momentum equation (v = v, + 25)
and obtain
T '
0 = 2uv,
so vy = 0.This is one of our desired unknowns, and we can now solve for
the other:
m=v+y =u+ 0=y,
To summarize, before the collision we have
v =, v, =0

and after the collision

v; =0, vy =,
That is, ball 1 is brought to rest by the collision, whereas ball 2 acquires
the original velocity of ball 1. This result is often observed by billiard and
pool players, and is valid only if the two balls have equal masses {and no
spin is given to the balis). See Fig. 7-15.
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(b)

FIGURE 7-16 Example 7-7:
(a) before collision, (b) after
coltision.
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Completely inelastic collision

RGNy A nuclear collision. A proton of mass 1.01 u (unified
atomic mass units) traveling with a speed of 3.60 X 10*m/s has an elas-
tic head-on collision with a helium (He) nucleus (my, = 4.00u) initially
at rest. What are the velocities of the proton and helium nucleus after the
coltision? (As mentioned in Chapter 1, Tu = 1.66 X 10" kg, but we
won't need this fact.)

SOLUTION (all the initial direction of motion the + x direction. We have
v, = vy, = O and v, = v, = 3.60 X 10*m/s. We want to find the velocities
v, and vy, after the collision. From conservation of momentum we have

v ! r
mpv, + 0 = myv, + my vy,
Because the collision is elastic, kinetic energy is conserved and we can
use Eq. 7-7, which becomes

e — ! ey 3
By = 0 =t~ Wy

Thus

T

p P>
and substituting this into the momentum equation we get

r
V= V. — U

- iy roo_ r
Mgy = Mgl — MU, + Mg,
Solving for vy;_, we obtain

2myv, 2(1.01 u)(3.60 X 10* m/s)

9 — : = 1.45 x 10¢ A
VRe T i T g 501 u i SR

The other unknown is vI’,, which we can now obtain from

ayf = !
v, = U, — U

p P

=145 X 10°m/s - 3.60 X 10°m/s = ~2.15 X 10* m/s.

The minus sign tells us that the proton reverses direction upon collision,
and we see that its speed is less than its initial speed (see Fig. 7-16). This
makes sense from ordinary experience: the lighter proton would be ex-
pected to “bounce back™ somewhat from the more massive helium nucleus,
but not with its full original velocity as it would from a rigid wall (which
would correspond to extremely large, or infinite, mass).

Inelastic Collisions

Collisions in which kinetic energy is not conserved are called inelastic colli-
sions. Some of the initial kinetic energy in such collisions is transformed into
other types of energy, such as thermal or potential energy, so the total final
kinetic energy is less than the total initial kinetic energy. The inverse can also
happen when potential energy (such as chemical or nuclear) is released, in
which case the total final kinetic energy can be greater than the initial kinetic
energy. Explosives are examples of this type. Typical macroscopic collisions
are inelastic, at least to some extent, and often to a large extent. If two objects
stick together as a result of a collision, the collision is said to be completely
inelastic. Two colliding balls of putty that stick together or (wo raifroad cars
that couple together when they collide are examples of completely inelastic
collisions. The kinetic energy in some cases is all transformed to other forms
of energy in an inelastic collision, but in other cases only part of it is. In
Example 7-3, for instance, we saw that when a traveling railroad car collided
with a stationary one, the coupled cars traveled off with some kinetic energy.
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In a completely inelastic collision, the maximum amount of kinetic energy is
transformed to other forms consistent with conservation of momentum. Even
though kinetic energy is not conserved in inelastic collisions, the total energy
is conserved, and the total vector momentum is also always conserved.

LRI R Railroad cars again. For the completely inelastic colli-
sion of two railroad cars that we considered in Example 7-3, calculate

how much of the initial kinetic energy is transformed to thermal or other
forms of energy.

SOLUTION Initially, the total kinetic energy is

3mw} = 1(10,000 kg)(24.0 m/s)? = 2,88 X 10°J.
After the collision, the total kinetic energy is

7(20,000 kg)(12.0 m/s)? = 1.44 X 106 7.
Hence the energy transformed to other forms is

288 X 10°F — 144 x 10°) = 1.44 x 10°7,

which is just half the original k.

m Ballistic pendulum. The ballistic pendulum is a device
used to measure the speed of a projectile, such as a bullet. The projectile,
of mass m, is fired into a large block (of wood or other material) of mass
M, which is suspended like a pendulum. (Usually, M is somewhat greater
than m.) As a result of the collision, the pendulum-projectile system
swings up to a maximum height &, Fig. 7-17. Determine the relationship

between the initial speed of the projectile, v, and the height £.

SOLUTION We analyze this process by dividing it into two parts: (1) the
collision itself, and (2) the subsequent motion of the pendulum from the
vertical hanging position to height . In part (1), Fig. 7-17a, we assume the
collision time is very short, and so the projectile comes to rest before the
block has moved significantly from its position directly below its support.
Thus there is no net external force and momentum is conserved:

mv = (m+ Mw', (i)
where ' is the speed of the block and embedded projectile just after the col-
lision, before they have moved significantly. Once the pendulum begins to
move (part 2, Fig. 7-17b), there will be a net external force (gravity, tending
to pull it back to the vertical position). So, for part (2), we cannot use con-
servation of momentum. But we can use conservation of mechanical energy
since the kinetic energy immediately after the collision is changed entirely to
gravitational potential energy when the pendulum reaches its maximum
height, k. Therefore (letting v = 0 for the pendulum in the vertical position):

KE; + PE| = KE, + PE,
or

3om+ Mw?+0 =0+ (m+ Mgh, (i)
s0v' = V2gh. We combine equations (i) and (ii) to obtain

+ + M '
o= M, Bt M
m m

which is the final result, To obtain this result, we had to be opportunistic,

Ballistic pendulum

(b)

FIGURE 7-17 Ballistic
pendulum (Example 7-9),
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