
�����������
	��
�����
������������������������ ����"!�	��$#%�'&)(*������+,�-�

. / 0 / 1 2 35476 /98 8;: 1 35/<8 = > ? /<8 1 2 0 8

/ 0 /<= > : 35/ @ / 0 6 = > @ A 1 /<8B8C4ED 3F/

�HGJILKNMPORQSK�TVUXWRY�Z\[]ZJ^�_a`J^cb�dSGe^gfihRhij



���������
	��
���������������
�

� ����� �"!�#%$'&�� �(!)� *

+ ,-�". /�.0���213� �4!5�76�.3��.8��1:9;.
#=<>$��?/@!)9BA".3$%�C��1"�'/ D

* 9;.-/E. F�$�10�-�4!)�'/E,�!5$%�7$��G.-&5!5$�9H.3I�.0���J� $%�:K�$�9H.0���L&5!�IM,-�".-/ON
/P�QK�9;. R
SUTWV XZY\[^] _a`cbed^fgY\h=i�Y\hZj�kQ[^lmbed^fWlnk)ToT-ToT-T-ToT ToT-ToT-T-ToT-ToT ToT-T-ToT-ToT-T ToT-ToT-ToT-T-T p
SUTrq stk�ju])YBvawQ`gk�juvakod^_a[^xa_a`gkQhZi�kyT-ToT-T-ToT ToT-ToT-T-ToT-ToT ToT-T-ToT-ToT-T ToT-ToT-ToT-T-T z

SUTrqUTWV s{b�lBfgj�i�Ymj^fWd�|0d^_a[^xa_a`gkQh}d�k~T-T-ToT ToT-ToT-T-ToT-ToT ToT-T-ToT-ToT-T ToT-ToT-ToT-T-T �
SUTrqUTrq ��YBvawQ`gk�j�be`W�n|Qxa[^fg��_Zk�j�ToT-T-ToT ToT-ToT-T-ToT-ToT ToT-T-ToT-ToT-T ToT-ToT-ToT-T-T �
SUTrqUTrS ��YBvawQ`gk-��V-|���_�bed^fgY\h��U`gko])YBvawQ`gkovak�����be`cbe[^d�����`W`W]�be[�b\j���V��m�mqn��ToT-ToT-ToT-T-T �
SUTrqUT � ��YBvawQ`gk�j��5q�|���_�bed^fgY\hZj�vakod^[�behZj^��Y\[^d%T-T-ToT-ToT ToT-T-ToT-ToT-T ToT-ToT-ToT-T-T V��
SUTrqUTr� ��YBvawQ`gk�j�be_�j�k�i�Y\hZv�Y\[�vU[�ko�;�3�B�7T-ToT-T-ToT-ToT ToT-T-ToT-ToT-T ToT-ToT-ToT-T-T V�S
SUTrqUTrp �8j^��k�iQd�j�d^�ZkQ[^]5fg��_Zk�j-T-ToT-T-ToT ToT-ToT-T-ToT-ToT ToT-T-ToT-ToT-T ToT-ToT-ToT-T-T V�S
SUTrqUT�z �Hi�Y\_a`gkQ])kQh}d�j8fWhZj^d�bed^fgY\hah�befW[�k�j��;�8�8�8 o�JToT-ToT ToT-T-ToT-ToT-T ToT-ToT-ToT-T-T V��

SUTrS stk�ju`gY\fgjuvak-��be[�Y\fgj�T-T ToT-ToT-ToT-T-ToT ToT-ToT-T-ToT-ToT ToT-T-ToT-ToT-T ToT-ToT-ToT-T-T V�p
SUTrSUTWV ¡
[�Y\xa`g|Q]�bed^fg�}_Zk T-ToT-ToT-T-ToT ToT-ToT-T-ToT-ToT ToT-T-ToT-ToT-T ToT-ToT-ToT-T-T V�p
SUTrSUTrq �8be�a��kQ`tvak�j��a[�Y\�a[^fg|Qd�|�j�vak�j8i�Y\_Zi��Zk�ju`WfW]5fWd�k�j�d^_a[^xa_a`gkQh}d�k�j0q\¢MfWhZi�Y\]5�a[�k�j�j^fWxa`gk�j�T V�p
SUTrSUTrS ��£�kQd�j�vak-i�Y\]5�a[�k�j�j^fWxafW`WfWd�|¤T-ToT ToT-ToT-T-ToT-ToT ToT-T-ToT-ToT-T ToT-ToT-ToT-T-T V(z
SUTrSUT � ¡
[^fWhZiQfW�Ok¥ToT-T ToT-ToT-ToT-T-ToT ToT-ToT-T-ToT-ToT ToT-T-ToT-ToT-T ToT-ToT-ToT-T-T V(z

D �".-/@!)9H$��-�4!)�J�%$%IM.8�"�4F�$%. �U¦
�ZTWV §�h�d�|Q�m[�bed^fgY\h�d�kQ]5��Y\[�kQ`W`gk¨T-ToT-ToT-T-ToT ToT-ToT-T-ToT-ToT ToT-T-ToT-ToT-T ToT-ToT-ToT-T-T V��

�ZTWVmTWV ¡
��b\j�k-kª©U�a`WfgiQfWd�k¨T-ToT-ToT-T-ToT ToT-ToT-T-ToT-ToT ToT-T-ToT-ToT-T ToT-ToT-ToT-T-T V��
�ZTWVmTrq ¡@b\j8vak0d�kQ]5�Zju`gYBi�be`«T-ToT-T-ToT ToT-ToT-T-ToT-ToT ToT-T-ToT-ToT-T ToT-ToT-ToT-T-T V��
�ZTWVmTrS ¡
��b\j�kofW]5�a`WfgiQfWd�k¬T-ToT-ToT-T-ToT ToT-ToT-T-ToT-ToT ToT-T-ToT-ToT-T ToT-ToT-ToT-T-T V��
�ZTWVmT � �Hi�Y\_a`gkQ])kQh}d�j8fWhZj^d�bed^fgY\hah�befW[�k�j��;¡@b\j8vakod�kQ]5�ZjuvU_�be`­T-ToT-ToT-T ToT-ToT-ToT-T-T V��

�ZTrq ¢8fgj�iQ[�|Qd^fgj�bed^fgY\h�j^��bed^fcbe`gk vak�j�®Z_U©�i�Y\h�lnk�iQd^f>¯°j:ToT-T-ToT-ToT ToT-T-ToT-ToT-T ToT-ToT-ToT-T-T qm�
�ZTrS ¢8fgj�iQ[�|Qd^fgj�bed^fgY\h�j^��bed^fcbe`gk vak�j�d�kQ[^])k�julBfgj���_ZkQ_U©�T-T-ToT-ToT ToT-T-ToT-ToT-T ToT-ToT-ToT-T-T qUV
�ZT � �±_a`Wd^fW�m[^fW`W`gk~T-ToT-ToT-T ToT-ToT-ToT-T-ToT ToT-ToT-T-ToT-ToT ToT-T-ToT-ToT-T ToT-ToT-ToT-T-T qmq

�ZT �ZTWV ¡
[^fWhZiQfW�Ok¥ToT-T ToT-ToT-ToT-T-ToT ToT-ToT-T-ToT-ToT ToT-T-ToT-ToT-T ToT-ToT-ToT-T-T qmq
�ZT �ZTrq ¢3k�j�iQ[^fW�ad^fgY\h±vako`³²rbe`W�nY\[^fWd^�a])k-]�_a`Wd^fW�m[^fW`W`gk´ToT-ToT ToT-T-ToT-ToT-T ToT-ToT-ToT-T-T qmq
�ZT �ZTrS µ8�O|Q[�bed�kQ_a[�j�fWh}d�kQ[^�m[^fW`W`gkoToT-T-ToT ToT-ToT-T-ToT-ToT ToT-T-ToT-ToT-T ToT-ToT-ToT-T-T qe�

R 9;.-/¶&5!5�%#%��� �(!)�'/·1�$%¸¹9;�QI����-. / +ZD
�UTWV stk�j�i�Y\hZvUfWd^fgY\hZj3be_U©�`WfW]5fWd�k�j8��`³² fWhUºZhaf~T ToT-ToT-T-ToT-ToT ToT-T-ToT-ToT-T ToT-ToT-ToT-T-T qe�

�UTWVmTWV »¼��be]5��])Y�½nkQh T-ToT-ToT-T-ToT ToT-ToT-T-ToT-ToT ToT-T-ToT-ToT-T ToT-ToT-ToT-T-T qe�
�UTWVmTrq »¼��be]5��d^_a[^xa_a`gkQh}d¾ToT-ToT-T-ToT ToT-ToT-T-ToT-ToT ToT-T-ToT-ToT-T ToT-ToT-ToT-T-T qm�

�UTrq stk�j�i�Y\hZvUfWd^fgY\hZj3be_U©�`WfW]5fWd�k�j�vako��be[�Y\fyT ToT-ToT-T-ToT-ToT ToT-T-ToT-ToT-T ToT-ToT-ToT-T-T qmp
�UTrqUTWV »¼��be]5��])Y�½nkQh T-ToT-ToT-T-ToT ToT-ToT-T-ToT-ToT ToT-T-ToT-ToT-T ToT-ToT-ToT-T-T qmp
�UTrqUTrq »¼��be]5��d^_a[^xa_a`gkQh}d¾ToT-ToT-T-ToT ToT-ToT-T-ToT-ToT ToT-T-ToT-ToT-T ToT-ToT-ToT-T-T qmp

�UTrS stk�j�i�Y\hZvUfWd^fgY\hZj�fWhafWd^fcbe`gk�j¿T-ToT-ToT-T-ToT ToT-ToT-T-ToT-ToT ToT-T-ToT-ToT-T ToT-ToT-ToT-T-T qmp

À IÁ1���9¼9;1:6".Â/t�-�5$'&�� $%�:. ÃU�'!)�?/t�-�5$'&��-$%�". +�Ä

Ä 9¼1C� �"1"�'/P�Q� �4!5�L9¼1�IM����1:�ª�". ÃU�-$%�"K�$�9H.0��� +�Ä

V



�����������
	�����
 +�¦

¦ 1"���%.3¸:. / *��
�UTWV �'bed^[^fgi�k�j��^b\i�Y\xafgkQhahZk�j8vak�j�®Z_U©�i�Y\h}lnk�iQd^f>¯ j ToT-T-ToT-ToT ToT-T-ToT-ToT-T ToT-ToT-ToT-T-T Sm�
�UTrq �'bed^[^fgi�k�j��^b\i�Y\xafgkQhahZk�j8vak�j�®Z_U©%l�fgj���_ZkQ_U©­T-ToT-T-ToT-ToT ToT-T-ToT-ToT-T ToT-ToT-ToT-T-T SUV
�UTrS »�b\j�vak�ju|���_�bed^fgY\hZj�vak0d^[�behZj^��Y\[^d�vako`cb d^_a[^xa_a`gkQhZi�k¾T-ToT ToT-T-ToT-ToT-T ToT-ToT-ToT-T-T Smq
�UT � ��½Bj^d�wQ])k vak�ju|��}_�bed^fgY\hZj8 0�:])Y(½nkQhahZ|�k�j����5`cb�X�b�lB[�k�� T ToT-T-ToT-ToT-T ToT-ToT-ToT-T-T SmS
�UTr� ¡@be[�be])wQd^[�k�j0vakoi�be`giQ_a`gj T-ToT-ToT-T-ToT ToT-ToT-T-ToT-ToT ToT-T-ToT-ToT-T ToT-ToT-ToT-T-T Se�

q



� � � ���������
	¶� � � �
s{b5j�fW] _a`cbed^fgY\h±h�_a])|Q[^fg�}_Zk�vak�ju|�i�Y\_a`gkQ])kQh}d�j8d^_a[^xa_a`gkQh}d�j3k�j^d�_ah%¯ Y\[^]5fgvZbexa`gk-Y\_ad^fW` be_Zj�j^fPxafgkQh���Y\_a[�k�j��
j�b�½nkQ[�vak2]5fgkQ_U©�i�Y\]5�a[�kQhZvU[�k�`gk�j�])|�i�behafgj^])k�j��a�}½Uj^fg��_Zk�j
�}_Zk¼�OY\_a[�`cb8i�Y\hZi�kQ�ad^fgY\h�kQd@`gk2va|QlnkQ`gY\�a��kQ])kQh}d
vZbehZj�`³² fWhZvU_Zj^d^[^fgkmT��BY\h _ad^fW`Wfgj�bed^fgY\h i�Y\_a[�beh�d�k%b%|Qd�|)[�kQhZvU_Zk:�OYmj�j^fWxa`gk5��be[ `gk�j��a[�Y\�m[�w�j�[�|�be`Wfgj�|�j�vZbehZj `gk
vaY\]�befWhZkuvak�`cb3[�|�j�Y\`W_ad^fgY\h)h}_a])|Q[^fg��_Zk�vak�jH|���_�bed^fgY\hZjHvak�`cb3])|�i�behafg��_Zkuvak�j�®Z_afgvak�j¼kQdHj^_a[^d�Y\_adH��be[
`³² kª©B�
�a`gYmj^fgY\h�vak�j;])Y(½nkQhZj�vak�i�be`giQ_a`³TU�8_ ��Y\_a[�vP² ��_af���`cb j^fW] _a`cbed^fgY\h�h�_a])|Q[^fg�}_Zk0k�j^d2_ah�ln|Q[^fWd�bexa`gk0i�Y\]5�a`g|Q])kQh}d
be_U©�|Qd^_Zvak�jokª©U�O|Q[^fW])kQh�d�be`gk�j-kQd3�OkQ[^])kQdovak `WfW]5fWd�kQ[0`gk�hZY\]�xa[�k5vP² k�j�j�befgj0kQh=j�Y\_�
�kQ[^fgk��PkQh}d^[�b��gh�beh�d-_ahZk
[�|�vU_ZiQd^fgY\h�vak�j�i�Y��ad�j�kQduvak�juva|Q`cbefgj8vakoi�Y\hZi�kQ�ad^fgY\h���kQdui�Y\hZj^d^fWd^_Zk�befWhZj^ft_ah�kQh �^kQ_±|�i�Y\hZY\]5fg�}_Zk-]�b���kQ_a[�T

��iQd^_ZkQ`W`gkQ])kQh}d��O`gk�j3be�a�a`Wfgi�bed^fgY\hZj3i�Y\hZi�kQ[^hZkQh�dovak�ju�n|�Y\])|Qd^[^fgk�j0vak-�a`W_Zj8kQh±�a`W_Zju�a[�YBi��Zk�j3vak�j3i�Y\hUºZ�m_a[�b4�
d^fgY\hZj0[�|�kQ`W`gk�j5� b�lBfgY\h i�Y\]5�a`gkQd���])Y\d�kQ_a[��Od^_a½nwQ[�kmTWTWT��3�}_af@])kQd^d�kQh}d-kQh��^kQ_'vak�j0�a�Z|QhZY\])wQhZk�joi�Y\]5�a`gkª©ak�j5�
d^[�behZj^fWd^fgY\h `cbe]5fWh�befW[�kª�³d^_a[^xa_a`gkQh�d�� va|�i�Y\`W`gkQ])kQh�d�j��tfWh�d�kQ[�b\iQd^fgY\h�i��ZYBiª��i�Y\_Zi��Zk�`WfW]5fWd�kmTP§�`
j�k ��Ymj�k5be`gY\[�jo`gk�j
�a[�Y\xa`gwQ])k�j vak�[�kQ�a[�|�j�kQh}d�bed^fWlBfWd�|:vak�j i�be`giQ_a`gj-��be[-[�be�a��Y\[^d���`cb"�a��½Bj^fg��_Zk���[�kQ�a[�YBvU_afW[�k��{vak��a[�|�iQfgj�fgY\h��
vako[�Y\xa_Zj^d�k�j�j�kokQduvak-i�Y��ad�vakoi�be`giQ_a`³T

�
h kª£PkQd��Q]�be`W�m[�|H`cb2�a_afgj�j�behZi�kHvak�jti�be`giQ_a`cbed�kQ_a[�j��(`cb�j^fW] _a`cbed^fgY\h vak
d�Y\_ad�k�jP`gk�jt|�i��ZkQ`W`gk�j j���bed^fgYe�³d�kQ]5�OY\[�kQ`W`gk�j
b\iQd^fWlnk�j�be_%j�kQfWh%vP² _ah�|�i�Y\_a`gkQ])kQh}d�d^_a[^xa_a`gkQh}d��ZvakQ�a_afgj�`gk�j2�a`W_Zj��m[�behZvak�j�fW]5��Ymj�|�k�j���be[�`cb�d�befW`W`gkovU_��a[�Ye�
xa`gwQ])k ��_Zj���_t²rbe_U©��a`W_Zj0��kQd^fWd�k�j-vUfgj�j^fW��bed^fWlnk�j��°|�i��ZkQ`W`gk�vak���Y\`W])Y\�nY\[�Y(l��WV�� ����hZk���kQ_ad��Qd^[�k�kQh}lBfgj�be�n|�k)�
`³² �ZkQ_a[�k b\iQd^_ZkQ`W`gkmT�»2kQd^d�k�be�a�a[�Y�i��Zk���be�a��kQ`g|�k ��fW] _a`cbed^fgY\h= �_a])|Q[^fg��_Zko¢3fW[�k�iQd�k-Y\_�¢0 0�=�°¢3fW[�k�iQd� 8_a])kª�
[^fgi�be`t��fW] _a`cbed^fgY\h����Uk�j^d¼kQh:�a[�bed^fg�}_Zk8`WfW]5fWd�|�k0�-vak�j;i�b\j¼d^[�w�j2j^fW]5�a`gk�j2�o¯ befWxa`gk�hZY\] xa[�k0vak��8kQ½�hZY\`gvaj(T}¢0w�j
`gY\[�j����OY\_a[0|Qlmbe`W_ZkQ[8`gk�j3��kQ[�¯°Y\[^]�behZi�k�job\|Q[�YBvU½�h�be]5fg��_Zk�jovak�i�Y\]5��Ymj�beh�d�j0fWhZvU_Zj^d^[^fgkQ`gj���`gk [�k�i�Y\_a[�j-��vak�j
])YBvawQ`gk�j j�² fW]5��Ymj�k
��Y\_a[{[�|�vU_afW[�k;`gk�j i�Y��ad�j vak;i�be`giQ_a`��4d�Y\_ad kQh-�}be[�beh�d^fgj�j�beh�d@_ah�xOY\h hafWlnk�be_ vak
�a[�|�iQfgj�fgY\htT

�8hZkoj�Y\`W_ad^fgY\h±k�j^d�vako[�|�j�Y\_ZvU[�k0`gk�j�|��}_�bed^fgY\hZj8vako 3b�l�fgkQ[�� ��d�Y��nk�j8j^_a[�_ahZk0�}be]5])ko[�k�j^d^[�kQfWh�d�k vP² |�i��ZkQ`W`gk�j
kQd�vak�])YBva|Q`Wfgj�kQ[2`³²rb\iQd^fgY\h�vak�j�be_ad^[�k�j�TZ»2kQd^d�k3j�|Q��be[�bed^fgY\h%vak�j2|�i��ZkQ`W`gk�j�va|QxOY\_Zi��Zk3j�_a[2vUf>£P|Q[�kQh}d�j�hafWlnk�be_U©
vP²rbe�a�a[�Y�©UfW]�bed^fgY\h%vaku`cb-d^_a[^xa_a`gkQhZi�k3i�Y\]5])k�`cb-j^fW]�_a`cbed^fgY\h"vak�j¼�m[�behZvak�j2|�i��ZkQ`W`gk�j�Y\_:st�2�±�°s{be[^�nk3�HvavU½
��fW] _a`cbed^fgY\h���kQd�`³²rbe�a�a[�YBi��Zk-])Y(½nkQhahZ|�k Y\_±�8�8 o�'�°��kQ½BhZY\`gvaju� lnkQ[�be�nk�v± 0b�lBfgkQ[�� ��d�Y��nk�j �ªT

• s{b �a[�kQ]5fgwQ[�k��Z��be[�ºZ`Wd^[�be�nkokQh�k�j^��b\i�k��a[�|�j�Y\_ad�`cb�vU½Bh�be]5fg��_Zkovak�j��m[�behZvak�jukQd�])Y�½nkQhahZk�j8|�i��ZkQ`W`gk�j��Y\[^d�kQ_Zj�k�j0vP² |QhZkQ[^�mfgk�kQd0_ad^fW`Wfgj�k _ah=])YBvawQ`gk"�°vUfWdovak j�Y\_Zj��³]�befW`W`gk(����Y\_a[8[�kQ�a[�|�j�kQh�d�kQ[o`³²rb\iQd^fgY\h vak�j
|�i��ZkQ`W`gk�j0vaY\h}d0`cb5d�befW`W`gk�k�j^d8fWhU¯°|Q[^fgkQ_a[�k���i�kQ`W`gk vak-`cb�]�befW`W`gk vU_'i�be`giQ_a`��Oj^_a[�`gk�j3|�i��ZkQ`W`gk�j0[�|�j�Y\`W_Zk�j�T
»2kQd^d�k-])|Qd^�ZY�vako[�k���_afgkQdu_ah%]�befW`W`cbe�nk d^[�w�j�ºZh±kQduk�j^d�kQhZi�Y\[�k-d^[�w�jui�Y��ad�kQ_Zj�kmT

• s{b j�k�i�Y\hZvak8_ad^fW`Wfgj�ku_ah:d^[�befWd�kQ])kQh}d�j^d�bed^fgj^d^fg��_Zk �}`gk�j;lmbe[^fcbexa`gk�j¼vU_"j^½Uj^d�wQ])kuj�Y\h�d2va|�i�Y\]5��Ymj�|�k�j2kQh_ahZk)��be[^d^fgk)])Y�½nkQhahZk:kQd-_ahZk)��be[^d^fgk5®Z_ZiQd^_�beh}d�kmT@stk�j^½Uj^d�wQ])k5vak�j�|��}_�bed^fgY\hZj�vak) 3b�l�fgkQ[�� ��d�Y��nk�j
fWhZj�d�beh}d�behZ|�k�j5k�j^d�be`gY\[�j [�kQ]5�a`cb\i�|"��be[ _ah j^½Uj^d�wQ])k�vP² |���_�bed^fgY\hZj5j^_a[�`gk�j lmbe`gkQ_a[�j ])Y(½nkQhahZk�j5vU_
i���be]5�tTa¡ Y\_a[�_ah�|�i�Y\_a`gkQ])kQh�d8j^d�bed^fgY\hah�befW[�k��U`cb�])Y(½nkQhahZk-vP² kQhZj�kQ] xa`gk vak�j�|��}_�bed^fgY\hZj�vako 0b�lBfgkQ[��
��d�Y��nk�ju� ])Y(½nkQhahZkuY\xad�kQh}_Zk�j�_a[@_ah��m[�behZv hZY\] xa[�k�vak¼[�|�be`Wfgj bed^fgY\hZj �{�OkQ_ad��Qd^[�k2[�kQ]5�a`cb\i�|�k���be[�_ahZk
])Y(½nkQhahZk"d�kQ]5�OY\[�kQ`W`gk � �}½B��Y\d^�Zw�j�k:vP² kQ[^�nYBvUfgiQfWd�|(�ªT�¢obehZj�`gk"i�b\j vP² |�i�Y\_a`gkQ])kQh}d�j5fWhZj^d�bed^fgY\hah�befW[�k�j �
`³² ��½���Y\d^�Zw�j�k vP² kQ[^�nY�vUfgiQfWd�| vak�`cb5d^_a[^xa_a`gkQhZi�k ht² k�j^d��a`W_Zj3lmbe`cbexa`gk kQd3�OYmj�ko`gk �a[�Y\xa`gwQ])k vak j^fW�mhaf>ºa�
i�bed^fgY\h�vako`³² �8�8�8 o�'�°��hZj�d�k�b\vU½"�8�8 o�a�ªT
s{k�j�hZY\hU�³`WfWhZ|�be[^fWd�|�j�vak�j�d�kQ[^])k�j5i�Y\h}lnk�iQd^f>¯ j5vU_¾j�½Bj^d�wQ])k:fWhafWd^fcbe`2¯°Y\h�d)be�a��be[�b��gd^[�k%vak�j ��_�beh}d^fWd�|�j
fWhZi�Y\hah�_Zk�j3b\j�j�Y�iQfg|�k�j8�5vak�ju])Y(½nkQhahZk�j8vak �a[�Y�vU_afWd�j8vak0®Z_ZiQd^_�bed^fgY\hZj��Z`gk�jud�kQhZj^fgY\hZj8vak-��kQ½BhZY\`gvaj

ρu′

iu
′

j

�m`gk�®Z_U©�vak8i���be`gkQ_a[2d^_a[^xa_a`gkQh}d
ρu′

ie
′
��kQd¼vP²rbe_ad^[�k�j¼d�kQ[^])k�j¼��_af�j�Y\h�d;hZ|Q�m`WfW�n|�jo� _ah�d�kQ[^])k

τ ′

ij

�
_ah�d�kQ[^])k-vak0vUf>£�_Zj^fgY\h%d^_a[^xa_a`gkQh}d�k���kQd�imT��ªTastk�j�d�kQ[^])k�juj^_a�a�a`g|Q])kQh�d�befW[�k�j8vaY\fWlnkQh�d!�Qd^[�k0])Y�va|Q`Wfgj�|�j
��Y\_a[�¯ kQ[^])kQ[u`gkoj^½Uj^d�wQ])kovZbehZju`gkoi�b\juvP² |�i�Y\_a`gkQ])kQh�d�j3d^_a[^xa_a`gkQh}d�j�T

S



s b�¯ kQ[^])kQd^_a[�k k�j^du[�|�be`Wfgj�|�k�be_�])Y(½nkQh'vP² _ah�])Y�vawQ`gk�vakod^_a[^xa_a`gkQhZi�k �a`W_Zj3Y\_�])Y\fWhZj3j�Y\�a�afgj^d^fg��_Z|mT
�H`W`gk:��kQ[^])kQd5_ahZk�vUfW]5fWh}_ad^fgY\h·fW]5��Y\[^d�beh}d�k%vU_¾hZY\]�xa[�k�vak�vakQ�m[�|�j5vak:`WfWx�kQ[^d�|��}_af�`cb�[�kQhZv¿be�U�
�a`Wfgi�bexa`gk:j^_a[ vak�j-i�Y\hUºZ�m_a[�bed^fgY\hZj�i�Y\]5�a`gkª©ak�j kQd-��Y\_a[ vak�j hZY\] xa[�k�j vak)��kQ½BhZY\`gvaj kQ`gkQln|�j�T@»3² k�j^d
`³²rbe�a�a[�YBi��Zk `cb �a`W_Zj�i�Y\_a[�be]5])kQh�d�_ad^fW`Wfgj�|�k-vZbehZj�`³² fWhZvU_Zj^d^[^fgkmT

������� V��:�8�a�a[�YBi��Zk-¢0 o�	�est�¼�	�e���3 o�"[�be�a�OY\[^d�|�k�j8vZbehZju`³² k�j^��b\i�k j^�Ok�iQd^[�be`


 � ����
�� � ���~� � � � & � � � ������� ����� � 
 ������� � � ��� � 

�8h�j�Y\`WlnkQ_a[u���3 0�'�°��kQ½BhZY\`gvaj�� lnkQ[�be�nk�v% 3b�l�fgkQ[�� ��d�Y��nk�j ���OkQ[^])kQd�`cb�j^fW]�_a`cbed^fgY\h±vP² |�i�Y\_a`gkQ])kQh}d�j8d^[^fgvUf>�
])kQhZj^fgY\hahZkQ`gj���fWhZj�d�bed^fgY\hah�befW[�k�j��ti�Y\]5�a[�k�j�j^fWxa`gk�joY\_ fWhZi�Y\]5�a[�k�j�j^fWxa`gk�j�����be[0[�|�j�Y\`W_ad^fgY\h�vak�jo|���_�bed^fgY\hZjovak
 0b�lBfgkQ[�� ��d�Y��nk�j������ ��	 	�����
 j^_a[o]�befW`W`cbe�nk�j-j�d^[^_ZiQd^_a[�|�j Y\_=hZY\h ��be[-vaY\]�befWhZkmTtstk5j^½Uj^d�wQ])k5k�j^d3¯ kQ[^])|
��be[�_ah�])Y�vawQ`gk0vak8d^_a[^xa_a`gkQhZi�kmTZ 8Y\_Zj2hZk3��be[^`gkQ[�Y\hZj�fgiQfP�}_Zk3vU_%i�b\j�vak�j�i�Y�vak�j�i�Y\]5�a[�k�j�j^fWxa`gk�jub�lnk�i0_ahZk
vUfgj�iQ[�|Qd^fgj�bed^fgY\h�vakod�½B�Ok �HY\`W_a])k�j8X@fWhafgj�T

sH² fWh�d�|Q�m[�bed^fgY\h�kQh%d�kQ]5�Zjuk�j^dukª£Pk�iQd^_Z|�k-b�lnk�i-_ah�j�i��Z|Q]�b)b\vZbe�ad�|)�°�=b\i(»2Y\[^]�b\i � ����_aha�nkª� �0_ah}d�b��Z�H_a`gkQ[
kª©U�a`WfgiQfWd�kmTWTWT�����b�lnk�i _ah'��b\j3vak-d�kQ]5�Zj3`gY�i�be`@i�Y\hZvUfWd^fgY\hahZ| ��be[8_ah'iQ[^fWd�wQ[�k�»2X�s¾kQd8_ahZk �a��b\j�k�fW]5�a`WfgiQfWd�kmT
�8hZk)d�k�i��ahafg��_Zk:] _a`Wd^fW�m[^fW`W`gk"�OkQ[^])kQd�`³²rb\i�i�|Q`g|Q[�bed^fgY\h¿vak)`cb�i�Y\h�lnkQ[^�nkQhZi�kmT�¡ Y\_a[ `gk�j |�i�Y\_a`gkQ])kQh�d�j�fWhZj^d�b4�
d^fgY\hah�befW[�k�j��a`cb5])|Qd^�ZY�vak-vU_±��b\juvak0d�kQ]5�Zj�vU_�be`{k�j�d�_ad^fW`Wfgj�|�kmT

s{b�vUfgj�iQ[�|Qd^fgj bed^fgY\h�j^��bed^fcbe`gkok�j^d�vak3d�½B�Ok �HY\`W_a])k�juX@fWhafgjub�lnk�i0_ahZk0[�kQ�a[�|�j�kQh}d�bed^fgY\h �Qi�kQ`W`>��i�kQh�d�kQ[�k�v ��� lmb4�
`gkQ_a[¼be_)i�kQh�d^[�kuvak�`cb0i�kQ`W`W_a`gk(��Y\_ �Qi�kQ`W`>�³lnkQ[^d�kª© �-� lmbe`gkQ_a[¼be_U©�hZY�kQ_Zvaj �ªTms{kui�be`giQ_a`�vak�j�®Z_U©)be_5d^[�b�lnkQ[�j¼vak�j
¯³b\i�kQd^d�k�juvak�jui�kQ`W`W_a`gk�juk�j^d�[�|�be`Wfgj�|-be_�])Y�½nkQh±vakovUf>£P|Q[�kQh}d�j8j�i��Z|Q]�b\j�h}_a])|Q[^fg��_Zk�j�i�kQh�d^[�|�j�Y\_�vak�i�kQh}d^[�|�j(T

�8hZk"be�a�a[�YBi��Zk"] _a`Wd^f>��vaY\]�befWhZk��H_ad^fW`Wfgj�beh}d)vak�j d�k�i��ahafg��_Zk�j5vak:[�b\i�i�Y\[�vaj ��Y\fWh�d^f>¯°j�Y\_¿be_ad�Y\[^fgj�beh}d5`gk:[�kª�
i�Y\_alB[�kQ])kQh}d�kQh}d^[�k"vaY\]�befWhZk�j��{��kQ[^])kQd `³² kQ]5�a`gY\f2vak)]�befW`W`cbe�nk�j�j^d^[^_ZiQd^_a[�|�j Y\_ hZY\h���be[ vaY\]�befWhZkmT s{k�j
i�Y\hZvUfWd^fgY\hZjHbe_U©�`WfW]5fWd�k�j �ebe�a�a`Wfg��_Z|�k�j���be[@¯ b\i�kQd^d�k¼¯°[�Y\h}d^fgwQ[�k��e[�kQ�OYmj�kQh}d
j^_a[�`cb�vUfgj�iQ[�|Qd^fgj�bed^fgY\h5vak�j�[�kQ`cbed^fgY\hZj
i�be[�b\iQd�|Q[^fgj^d^fg��_Zk�j�|�iQ[^fWd�k�j��OY\_a[u`gk�j�|��}_�bed^fgY\hZjuvP² �H_a`gkQ[�d^[^fgvUfW])kQhZj^fgY\hahZkQ`W`gk�j�T

�



stk�j-|���_�bed^fgY\hZj vak� 3b�l�fgkQ[�� ��d�Y��nk�j ])Y�½nkQhahZ|�k�j j�Y\h}d-_ah j�½Bj^d�wQ])k5vP² |���_�bed^fgY\hZj�be_U© va|Q[^fWln|�k�j-��be[^d^fgkQ`W`gk�j
vU_��a[�kQ]5fgkQ[ Y\[�vU[�k)��Y\_a[-`cb�i�Y\hZj�kQ[^l\bed^fgY\h~vak)`cb�]�b\j�j�k±�°i�Y\]5])k���Y\_a[-`gk�j�|��}_�bed^fgY\hZj vP² �
_a`gkQ[ ���@kQd vU_
vakQ_U©UfgwQ])kuY\[�vU[�k���Y\_a[
`cb0i�Y\hZj�kQ[^l\bed^fgY\h:vU_5])Y\])kQh}d¼kQdHvaku`³² |QhZkQ[^�mfgkmTn�±fgj�ku�3��be[^d
`³² |��}_�bed^fgY\h"vak�i�Y\hZj�kQ[��
lmbed^fgY\h�vako`cb�]�b\j�j�k��a`gk�j�|���_�bed^fgY\hZj3j�Y\h}du]5f>©Ud�k�ju��½���kQ[^x�Y\`Wfg�}_Zk�j��³��be[�bex�Y\`Wfg��_Zk�j3kQh�k�j^��b\i�k-kQd8kQh±d�kQ]5�Zj
�°kQd8kQ`W`WfW�ad^fg��_Zk�j0vZbehZj�`gk i�b\j3j^d�bed^fgY\hah�befW[�k(�ªT�s;² |��}_�bed^fgY\h vak-`cb�i�Y\hZj�kQ[^lmbed^fgY\h=vak `cb5]�b\j�j�k k�j^d8�}½B�OkQ[^x�Ye�
`Wfg��_ZkokQh±k�j^��b\i�k-kQdukQh�d�kQ]5�Zj�i�Y\]5])k-��Y\_a[�`gk�ju|��}_�bed^fgY\hZj8vP² �
_a`gkQ[�T

stk"j^½Uj^d�wQ])k�vak�j |��}_�bed^fgY\hZj�vak: 3b�l�fgkQ[�� ��d�Y��nk�j�])Y(½nkQhahZ|�k�j�ht²rb\vU])kQd ��_Zk�vak�j 
 ����������� 	 
 � � 	 ��� 	 � ��

i�Y\h}d^[�befW[�kQ])kQh�d�be_U©=|��}_�bed^fgY\hZj�vP² �
_a`gkQ[-Y	� vak�j-j�Y\`W_ad^fgY\hZj vUfgj�i�Y\h}d^fWh�_Zk�j:� be_ j�kQhZj0¯³befWxa`gk(�3j�Y\h�d b\vU]5fgj��
j^fWxa`gk�j�T¼stk�j�|��}_�bed^fgY\hZj�vP² �
_a`gkQ[%j�Y\h�d:`cb�`WfW]5fWd�k'vak�j:|���_�bed^fgY\hZj�vak� 0b�lBfgkQ[�� ��d�Y��nk�j%�}_�behZv¶`gk�j:d�kQ[^])k�j
lBfgj��}_ZkQ_U©~d�kQhZvakQh}d)lnkQ[�j

0
�
im² k�j^d�� �4��vUfW[�k±�}_�behZv¾`gk"hZY\] xa[�k±vak%��kQ½BhZY\`gvaj�d�kQhZv¾lnkQ[�j�`³² fWhUºZhaf³TH¢obehZj�`gk

i�b\j-vak�`³²rbefW[-Y	� `cb"lBfgj�i�Ymj^fWd�|5iQfWhZ|Q]�bed^fg��_Zk)k�j^d-vak�`³² Y\[�vU[�k)vak
10−5m2/s

�O`gk�hZY\] xa[�k�vak5�8kQ½�hZY\`gvaj k�j^d
d^[�w�j3�m[�behZv'�OY\_a[3`gk�j0i�Y\hUºZ�m_a[�bed^fgY\hZj-vak�i�be`giQ_a`gj0`gk�j8�a`W_Zjoi�Y\_a[�beh}d�j)�°j�Y\_alnkQh}doj^_a��|Q[^fgkQ_a[o�

106 kQd8��kQ_ad
bed^d�kQfWhZvU[�k

108 �ªT@stk:i���be]5�·vak�lmbe[^fcbexa`gk�j�vP² _ah¿|�i�Y\_a`gkQ])kQh}d5��kQ_ad�be`gY\[�j �a[�|�j�kQh�d�kQ[)vak�d^[�w�j�¯ Y\[^d�k�j�lmb4�
[^fcbed^fgY\hZj)`gYBi�be`gk�j��°i�Y\[^[�k�j��OY\hZvZbeh�d"be_U©·vUfgj�i�Y\h}d^fWh�_afWd�|�j:vak�j:|��}_�bed^fgY\hZj:vP² �
_a`gkQ[ ���;vaY\h�d)`³² |Q��befgj�j�kQ_a["k�j^d
j�Y\_alnkQh�d�xafgkQh"fWhU¯ |Q[^fgkQ_a[�ko��`cb-d�befW`W`gk0vU_�]�befW`W`cbe�nk0_ad^fW`Wfgj�|3�OY\_a[2`cb�[�|�j�Y\`W_ad^fgY\h�h}_a])|Q[^fg��_Zk)�BY\h"��kQ_ad�k�j^d^f>�
])kQ[2`cb-d�befW`W`gk0i�be[�b\iQd�|Q[^fgj^d^fg��_Zk0vak8i�k�j2�a�Z|QhZY\])wQhZk�ju� `³² fWh}lnkQ[�j�kovU_"hZY\] xa[�k0vak3��kQ½BhZY\`gvaj�T�s{k�j2j�Y\`W_ad^fgY\hZj
h}_a])|Q[^fg��_Zk�j-vak�jo|���_�bed^fgY\hZj-vak� 3b�l�fgkQ[�� ��d�Y��nk�j-])Y�½nkQhahZ|�k�j-��kQ_alnkQh}d-vaY\hZi �a[�|�j�kQh�d�kQ[ vak�joi��ZYBi�j�T�¡@Y\_a[
j^fW]�_a`gkQ[)i�Y\[^[�k�iQd�kQ])kQh}d�`cb�d�Y\��Y\`gY\�mfgk�vU_¿i��ZYBi���fW`2¯ be_ad���b\j�j�kQ[�be_U©¾|��}_�bed^fgY\hZj5vak�
2_a[^hZkQd^d)Y\_¿j^_a��kQ[��

2_a[^hZkQd^d�� _ad^fW`Wfgj�|�k�j8vZbehZjuvak�j�i�b\juvakova|Qd�Y\hafg��_Zk�j �ªT

µ8_ad^[�k�`cb)�a[^fgj�k kQh=i�Y\]5�ad�k�vak�j3�a�Z|QhZY\])wQhZk�j0vak d^[�behZj^¯°kQ[^d�j3d^�ZkQ[^]5fg��_Zk�j���_ah=i�be[�b\iQd�wQ[�k�j^��|�iQf>º��}_Zk�vak�j
|���_�bed^fgY\hZj�vak3 0b�lBfgkQ[�� ��d�Y��nk�j��a[�Y(l�fgkQh�duvak8`cb i�Y\hZvUfWd^fgY\h%`WfW]5fWd�kovP²rb\vU�Z|Q[�kQhZi�k0fW]5��Ymj�|�kobe_%i�Y\h}d�b\iQduvak3`cb
��be[�Y\f³Te�
h kª£PkQd��4`cb�lBfWd�k�j�j�k;vU_ ®Z_afgvak2��`cb���be[�Y\fUj�Y\`Wfgvak2k�j^d{h�_a`W`gk3� ��be[�kª£PkQd@vak;[^_a�nYmj^fWd�|(�tvP² Y	� `cb��a[�|�j�kQhZi�k
vak ¯ Y\[^d�j0�m[�b\vUfgkQh}d�j vU_ i���be]5��vZbehZjo`gk�j0[�|Q�mfgY\hZj-vak��a[�YBi��Zk)��be[�Y\fHvUfWd�k�j-i�Y\_Zi��Zk�j `WfW]5fWd�k�j�TP¢obehZj-i�kQd^d�k
� Y\hZk���`gk�j2kª£PkQd�j2vak�lBfgj�i�Ymj^fWd�|8vakQl�fgkQhahZkQh�d2d^[�w�j2fW]5��Y\[^d�beh}d�j�kQd¼`cb-d^_a[^xa_a`gkQhZi�k0j�k3va|QlnkQ`gY\�a�OkmTBsH² |Q��befgj�j�kQ_a[
vak�`cboi�Y\_Zi��Zku`WfW]5fWd�k��OkQ_ad �Qd^[�k�k�j^d^fW])|�kui�Y\]5])ku`³² fWh�lnkQ[�j�k�vaku`cb0[�b\iQfWhZk�i�be[^[�|�kuvU_�hZY\] xa[�k3vaku��kQ½BhZY\`gvaj��
i�k���_af�fW]5��Ymj�k8`³² _ad^fW`Wfgj�bed^fgY\h�vak�]�befW`W`cbe�nk�j2d^[�w�j¼[�b�
)hZ|�j2vZbehZj¼`gk�j¼[�|Q�mfgY\hZj2vak���be[�Y\f³T�s{k�j2i�Y\_Zi��Zk�j2`WfW]5fWd�k�j
j�Y\h�d;`cbo]�b��^kQ_a[�k3j�Y\_a[�i�k�vak8vUf�
�iQ_a`Wd�|�j2j�_a�a�a`g|Q])kQh}d�befW[�k�j�vak�j2|��}_�bed^fgY\hZj2vak� 0b�lBfgkQ[�� ��d�Y��nk�j2��be[¼[�be�a��Y\[^d
be_U©%|��}_�bed^fgY\hZj8vP² �
_a`gkQ[���Y\_a[�`cb5j^fW]�_a`cbed^fgY\h±h}_a])|Q[^fg��_ZkmT

� ����
 ��� � �¾� � � � 
 � � � � � � � 	�� � ����� � � � ��� ��� � ��� � �
	���� � ����
 
 � � ���

stk�d^[�befWd�kQ])kQh}doj^d�bed^fgj^d^fg��_Zk vak�j3|���_�bed^fgY\hZj8fWhZj�d�beh}d�behZ|�k�j0i�Y\hZvU_afWd0��va|�i�Y\]5�OYmj�kQ[3i���b\�}_Zk��m[�behZvakQ_a[
G
�

j�kQ`gY\h¶`cb'¯°Y\[^]�_a`cbed^fgY\h vak±��kQ½BhZY\`gvaj��HkQh¶_ahZk���be[^d^fgk±])Y�½nkQhahZk¿� hZY\d�|�k
G
�5kQd�_ahZk���be[^d^fgk�®Z_ZiQd^_�beh}d�k

� hZY\d�|�k
g′
�ªTt¡ Y\_a[�`gk�j�|�i�Y\_a`gkQ])kQh}d�j5i�Y\]5�a[�k�j�j^fWxa`gk�j �{Y\h�_ad^fW`Wfgj�k)_ahZk)])Y(½nkQhahZk"�OY\hZva|Q[�|�k:��be[ `cb�]�b\j�j�k

lnY\`W_a]5fg��_Zk�� ])Y�½nkQhahZk:vak)X�b�l�[�k �rq��{S�� �ªT »2kQd^d�k)])Y(½nkQhahZk�k�j^d�va|ªºZhafgk5��be[��
φ̃ =

ρφ

ρ

T �BY\h _ad^fW`Wfgj bed^fgY\h
|QlBfWd�ku`³²rbe�a��be[^fWd^fgY\h�vak�jH®Z_ZiQd^_�bed^fgY\hZj2vaku]�b\j�j�kulnY\`W_a]5fg��_Zk�vZbehZj¼`gk�j;|���_�bed^fgY\hZj�TBµ8h:hZ|Q�m`WfW�nk�`gk�jH®Z_ZiQd^_�b4�
d^fgY\hZjuvako`cb lBfgj�i�Ymj^fWd�|0])Y\`g|�iQ_a`cbefW[�k
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

ρ

ρ~V

ρE

ρk
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
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d�be_U©"vakova|ª¯ Y\[^]�bed^fgY\htTZstk3®Z_U©�vak0i���be`gkQ_a[ud^_a[^xa_a`gkQh�d8k�j^d�[�kQ`Wfg|-be_��m[�b\vUfgkQh}d�vak0d�kQ]5��|Q[�bed^_a[�ko])Y(½nkQhahZk
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τ t = µt
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vUfWl ~V )I
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P ∗ = P + 2
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τ = τ v + τ t
kQdo`gk�lnk�iQd�kQ_a[-®Z_U©=vak5i���be`gkQ_a[

~q = ~qv + ~qt
j�² |�iQ[^fWlnkQh�d

be`gY\[�j-�

τ = (µ + µt)

[
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]
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3
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(

µ
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+
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Prt
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kQd
Prt

= 0, 9��Y\_a[�`³²rbefW[�T
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µ(T ) = µref

√
T

Tref

1 + S/Tref

1 + S/T

b�lnk�i
Tref = 273.16K

�
µref = 1.711 10−5kg.m−1.s−1 kQd S = 110.4K

T
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dissipation
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l
�Oi�be[�b\iQd�|Q[^fgj^d^fg��_Zk�j-vak `cb:d^_a[^xa_a`gkQhZi�kmTt�H`W`gk

��kQ_aduj�² Y\xad�kQhafW[3� ��be[^d^fW[�vP² _ahZk-[�kQ`cbed^fgY\h'be`W�n|Qxa[^fg��_Zk��ZvP² _ahZk-Y\_��a`W_Zj^fgkQ_a[�j8|��}_�bed^fgY\hZj�vakod^[�behZj^��Y\[^d�T
¡@Y\_a[�`³² |�i��ZkQ`W`gk vakol�fWd�k�j�j�k��ai�Y\]5])ko_ahZk0��be[^dufW]5��Y\[^d�beh}d�k�vak0`³² |QhZkQ[^�mfgk vak�j�®Z_ZiQd^_�bed^fgY\hZj8vakol�fWd�k�j�j�kok�j^d
i�Y\h}d�kQh�_Zk)vZbehZj0`gk�j0�m[�Ymj�j�k�j0j^d^[^_ZiQd^_a[�k�j ��fW`@k�j^d0h�bed^_a[�kQ`Hvak �a[�kQhZvU[�k�_ahZk �m[�behZvakQ_a[o[�kQ`cbed^fWlnk)�:`³² |QhZkQ[^�mfgk
iQfWhZ|Qd^fg��_Zk-vakod^_a[^xa_a`gkQhZi�k

k
�aj�Y\fWd

u ∼
√

k
T

¡@Y\_a[�`³² |�i��ZkQ`W`gk�vak0`gY\ha�m_ZkQ_a[
l
�U�a`W_Zj^fgkQ_a[�j�i��ZY\f>©�vak0l\be[^fcbexa`gk�j�d^[�behZj^�OY\[^d�|�k�j8j�Y\h}d��OYmj�j�fWxa`gk�jo�

�H`gkod�be_U©%vak-vUfgj�j^fW��bed^fgY\h
ε
�

l ∼ k3/2

ε
�H`cb5vUfgj�j�fW��bed^fgY\h±j^��|�iQf>º��}_Zk

ω
�

l ∼
√

k

ω�;vUfW[�k�iQd�kQ])kQh}d3`³² |�i��ZkQ`W`gk�vako`gY\ha�m_ZkQ_a[
l
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 � � ��
 � � ����� � �	� � ��


s{b-l�fgj�i�Ymj�fWd�|�d^_a[^xa_a`gkQh}d�k3k�j^d;va|ªºZhafgk3be`W�n|Qxa[^fg�}_ZkQ])kQh�d�vP²rbe�a[�w�j¼_ahZk�`gY\ha�m_ZkQ_a[�vak�])|Q`cbeha�nkmTa»2k�jH])YBvawQ`gk�j
Y\h}d�`³²rb�l\beh�d�be�nk vP² _ahZk0[�kQ`cbed^fWlnk0[�Y\xa_Zj^d�k�j�j�kokQd�vak0`³² |�i�Y\hZY\]5fgk-kQh%d�kQ]5�Zj�vakoi�be`giQ_a`³TastkQ_a[ulmbe`gkQ_a[��a[�|�vUfgiª�
d^fWlnk-k�j^d�`WfW]5fWd�|�k-]�befgju`gk�j�])YBvawQ`gk�j��a`W_Zju�a[�|�iQfgj�j�Y\h}d�i�Y\]5�a`gkª©ak�j�kQd8i�Y��ad�kQ_U©�T

sH² |�i��ZkQ`W`gk)vak `gY\ha�m_ZkQ_a[ j�kQ[^lmbeh}d-�"kª©B�a[^fW])kQ[o`cb:lBfgj�i�Ymj^fWd�| d^_a[^xa_a`gkQh}d�k5d�kQhZv �:[�kQ�a[�|�j�kQh�d�kQ[-`cb:d�befW`W`gk�vak�j
d�Y\_a[^xafW`W`gY\hZj0��Y\[^d�kQ_a[�jovP² |QhZkQ[^�mfgk��Pim² k�j^d8��Y\_a[���_ZY\f@kQ`W`gk�k�j^d0j�Y\_alnkQh}d0�a[�Y\��Y\[^d^fgY\hahZkQ`W`gk���`cb�vUfgj^d�behZi�k5��`cb
��be[�Y\f

d
TPs{b"va|Qd�kQ[^]5fWh�bed^fgY\h~vak i�kQd^d�k5|�i��ZkQ`W`gk��{be�a��kQ`g|�k�`gY\ha�m_ZkQ_a[ vak ])|Q`cbeha�nk �

l
���Ok�j�d3x�b\j�|�k5j^_a[0_ahZk

beh�be`gY\�mfgk�b�lnk�io`gk0`WfWxa[�ko��be[�i�Y\_a[�j�])Y�½nkQh�vZbehZj�`cb d^�Z|�Y\[^fgk-iQfWhZ|Qd^fg��_Zk vak�j��}b � T

�



sH² |�i��ZkQ`W`gk�vakolBfWd�k�j�j�k
u
�U�OY\_a[u_ah�|�i�Y\_a`gkQ])kQh}d3d^_a[^xa_a`gkQh}d0iQfgj�befW`W`g|-kQh±i�Y\_Zi��Zk-]5fWhZi�k��Zk�j^du¯°Y\hZiQd^fgY\h±vak-`cb

lBfWd�k�j�j�k0])Y�½nkQhahZk�vak0`³² |�i�Y\_a`gkQ])kQh}d��
u = l | ∂U

∂y
| T

»¼fWd�Y\hZj�`gk5])Y�vawQ`gk:vak)��fgi��ZkQ`>���8_Z|Q]�be[�vB��¢3_a[�beh}d �r� �0��V��mpm�n�oY	� `cb�l�fgj�i�Ymj�fWd�|5d^_a[^xa_a`gkQh}d�k��{¯°Y\hZiQd^fgY\h~vak
`cb:lnY\[^d^fgiQfWd�|5vak `³² |�i�Y\_a`gkQ])kQh�d-])Y�½nkQh

ω
kQd0vak�j0�m[�behZvakQ_a[�j-i�be[�b\iQd�|Q[^fgj^d^fg��_Zk�jovak�`cb"i�Y\_Zi��Zk�`WfW]5fWd�k��Oj�_afWd

`³² |���_�bed^fgY\h±j^_afWlmbeh}d�k)�

µt = ρl2D2(µt)ω
b�lnk�i

l = 0.085δ
d�beha� ( κ

0.085

d

δ

)

Y	�
l
k�j�d `cb�`gY\ha�m_ZkQ_a[�vak�])|Q`cbeha�nk��

κ
`cb'i�Y\hZj^d�beh}d�k�vak�lnY\h �-be[^]�beh��0�UT �ZV��

δ
k�j^d5`³² |Q��befgj�j�kQ_a[)vak:`cb

i�Y\_Zi��Zk)`WfW]5fWd�k��
d
k�j^d0`cb�vUfgj^d�behZi�k��:`cb"��be[�Y\f;kQd

D
k�j^d0_ahZk�¯ Y\hZiQd^fgY\h vP²rbe])Y\[^d^fgj�j�kQ])kQh}d�d^[�b\vU_afgj�beh}d `cb

va|�iQ[�Y\fgj�j�behZi�k-[�be�afgvak vak0`cb�d^_a[^xa_a`gkQhZi�k be_±lnY\fgj^fWh�be�nk-vako`cb ��be[�Y\f³T

�8h'be_ad^[�k ])Y�vawQ`gk�be`W�n|Qxa[^fg��_Zk j�Y\_alnkQh}d3_ad^fW`Wfgj�|�k�j�d8`gk�])Y�vawQ`gk vak 
�be`gv ��fWhU��s{Y\]�b4© �rp ����V��nz\�n�ªTOs b)lBfgj��
i�Ymj^fWd�|od^_a[^xa_a`gkQh�d�k j�² |�iQ[^fWd��

νt = min (νti , νte)

νti = (κdD(d))2 ω

νte = CClauserCcpFwakeFKleb(d)

b�lnk�i
Fwake

_ahZk-¯°Y\hZiQd^fgY\h vak�j^fW`W`cbe�nk��
D(d)

`cb5¯ Y\hZiQd^fgY\h'vP²rbe])Y\[^d^fgj�j�kQ])kQh}d-vak l\beh=¢3[^fgk�j^d��
CClauser

`cb
i�Y\hZj^d�beh�d�k vak »¼`cbe_Zj�kQ[�� �UTr�UV�pm���

Ccp
_ahZk-i�Y\hZj^d�beh�d�k�� VmTrp5kQd

FKleb
`cb ¯°Y\hZiQd^fgY\h�vak �0`gkQx�behZYe£�T

»2ko])YBvawQ`gk0�OkQ_ad��n|QhZ|Q[�kQ[�vak�juYmj�iQfW`W`cbed^fgY\hZj8h}_a])|Q[^fg��_Zk�j�T
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»2k�])YBvawQ`gk%_ad^fW`Wfgj�k%_ahZk%j�kQ_a`gk±|��}_�bed^fgY\h«vak�d^[�behZj��OY\[^d)��Y\_a[5`cb=��_�beh}d^fWd�|
ν̃
��_af���`gY\fWh«vak�j5��be[�Y\fgj��;j�k

i�Y\hU¯ Y\hZv b�lnk�i¼`cbul�fgj�i�Ymj^fWd�|;d^_a[^xa_a`gkQh�d�k
νt
T4sH² |���_�bed^fgY\h �OY\_a[

ν̃
[�|�j^_a`Wd�k2vP² _ahZk�i�Y\hZj^d^[^_ZiQd^fgY\h���b\j@����b\j ��be[

b��^Y\_ad¼vak8d�kQ[^])k�j¼vak�j^d^fWhZ|�j��-�a[�kQhZvU[�k8kQh�i�Y\]5�ad�k8vak��a`W_Zj¼kQh"�a`W_Zj2vaku�a�Z|QhZY\])wQhZk�j��a�}½Uj^fg��_Zk�j�T}¡�be[^d�beh}d
vP² _ahZk¼¯°Y\[^])k �Qi�Y\h�lnk�iQd^fgY\h��8�a[�Y�vU_ZiQd^fgY\h�$3vUf>£�_Zj^fgY\h��8�OY\_a[�`gk�j�|�i�Y\_a`gkQ])kQh}d�j;`WfWxa[�k�j��n����be`cbe[^d ��z��e����b��^Y\_ad�k
`gk�j3d�kQ[^])k�j0hZ|�i�k�j�j�befW[�k�j0��Y\_a[oY\xad�kQhafW[3_ahZk [�|Q�mfgY\h=`gY\�}be[^fWd^�a]5fg��_Zk)vZbehZj3`gk�j8�a[�YeºZ`gjovak lBfWd�k�j�j�k��a_afgj0`gk�j
d�kQ[^])k�j�vak�i�Y\[^[�k�iQd^fgY\h%vak�¯ befWxa`gk�hZY\] xa[�k0vak8�8kQ½�hZY\`gvaj2vakud^_a[^xa_a`gkQhZi�k3��Y\_a[¼`cb-[�|Q�mfgY\h%vaku�a[�YBi��Zk3��be[�Y\f³T

∂ρν̃

∂t
+
vUfWl [~V ρν̃ − 1

σ
(µ + ρν̃) ~�m[�b\v ν̃

]
= cb1(1 − ft2)S̃ρν̃ +

cb2

σ
~�m[�b\v ρν̃. ~�m[�b\v ν̃

−
(
cw1

fw − cb1

κ2
ft2

)
ρ
ν̃2

d2

νt = ν̃fv1
; fv1

=
χ3

χ3 + c3
v1

; χ =
ρν̃

µ

S̃ = | ~[�Y\d ~V | + ν̃

κ2d2
fv2

; fv2
= 1 − χ

1 + χfv1

; ft2 = ct3
kª©U�

(−ct4 χ2)

fw = g

(
1 + c6

w3

g6 + c6
w3

) 1

6

; g = r + cw2
(r6 − r) ; r =

ν̃

S̃κ2d2

stk�jui�Y\hZj�d�beh}d�k�j �

cb1 = 0, 1355 ; cb2 = 0, 622 ; σ =
2

3
; κ = 0, 41

cw1
=

cb1

κ2
+ (1 + cb2)/σ ; cw2

= 0, 3 ; cw3
= 2

cv1
= 7, 1 ; ct3 = 1, 1 ; ct4 = 2

�
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��iQd^_ZkQ`W`gkQ])kQh}d��{i�k�j8])YBvawQ`gk�j0j�Y\h}d0`gk�j3�a`W_Zj3[�|Q��behZvU_ZjovZbehZj3`gk�j3i�YBvak�j0���3 0�OT�¢obehZj3i�k�j0|���_�bed^fgY\hZj��O`cb
lmbe[^fcbexa`gk

d
va|�j^fW�mhZk-`cb��a`W_Zju��kQd^fWd�k-vUfgj^d�behZi�k �5`cb���be[�Y\f³TZ¢obehZju`gk-j�fW`W`cbe�nk-vP² _ah��a[�YeºZ`��

d
k�j^du`cb5vUfgj�d�behZi�k

be_�x�Y\[�v%vak0¯°_afWd�kmT

9�� ����
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»2k3])Y�vawQ`gk��Bd^[�w�j�`cbe[^�nkQ])kQh�du_ad^fW`Wfgj�|��ab |Qd�|3va|QlnkQ`gY\�a��|-��`³² Y\[^fW�mfWhZk0�OY\_a[��a[�|QlnY\fW[�`gk3�a�Z|QhZY\])wQhZk-vak3[�kQ`cb4�
]5fWh�be[^fgj�bed^fgY\h'vak�jui�Y\_Zi��Zk�j�`WfW]5fWd�k�jud^_a[^xa_a`gkQh}d�k�j3kQh��a[�|�j�kQhZi�k vako�m[�b\vUfgkQh}d�j8vako�a[�k�j�j^fgY\h�¯³b�lnY\[�bexa`gk�j �r����T

∂ρk

∂t
+
vUfWl [

ρk~V −
(

µ +
µt

σk

)
~�m[�b\v k

]
= Pk − ρε̃ − D

∂ρε

∂t
+
vUfWl [

ρε̃~V −
(

µ +
µt

σε

)
~�m[�b\v ε̃

]
= cε1

ε̃

k
Pk − ρcε2

f2
ε̃2

k
+ E

stkod�be_U©%vak-vUfgj�j�fW��bed^fgY\h±vak0`³² |QhZkQ[^�mfgk iQfWhZ|Qd^fg��_Zko��kQ_ad �Qd^[�k-be�a�a[�Y�©UfW])|�k-��be[ �

ρε = µ
∂u′′

i

∂xj

∂u′′

i

∂xj

stk'd�kQ[^])k
D
k�j^d�fWh}d^[�YBvU_afWd%��Y\_a["fWh�d�|Q�m[�kQ[�`cb~�}_�beh�d^fWd�|

ε̃
�2�m[�behZvakQ_a[�fWh}d�kQ[^�a[�|Qd�|�k�i�Y\]5])k�`cb ��be[^d^fgk

fgj�Y\d^[�Y\��k�vak�`cb8vUfgj�j^fW��bed^fgY\htTm�
`W`gkub8`³²rb�lmbeh}d�be�nk8vak¼d�kQhZvU[�k�lnkQ[�j � |Q[�Y-�8`cb3��be[�Y\fZi�k���_afUj�fW]5�a`Wf>º�k�`³² |�iQ[^fWd^_a[�k
vako`cb�i�Y\hZvUfWd^fgY\h=be_%`WfW]5fWd�kmT

D = 2ν
(

~�m[�b\v √k
)

.
(

~�m[�b\v √k
)

; ρε̃ = ρε − D

s{b l�fgj�i�Ymj^fWd�|ud^_a[^xa_a`gkQh�d�k���`cb �a[�YBvU_ZiQd^fgY\h"vak
k
kQd;`gk8d�kQ[^])k3vakux�b\j¼hZY\] xa[�k0vak��8kQ½�hZY\`gvaj2vak�d^_a[^xa_a`gkQhZi�k

E
ln|Q[^f>º�kQh�d �

µt = ρcµfµ
k2

ε̃
; Pk = τ t :

~~�m[�b\v ~V

E = 2
µµt

ρ

(
~~~�m[�b\v
(

~~�m[�b\v ~V

)) TTT ( ~~~�m[�b\v
(

~~�m[�b\v ~V

))

stk�j�¯ Y\hZiQd^fgY\hZj�vP²rbe])Y\[^d^fgj�j�kQ])kQh}d0j�Y\h}d�[�kQ`Wfg|�k�j�be_�hZY\] xa[�k�vako��kQ½BhZY\`gvajuvakod^_a[^xa_a`gkQhZi�kÂ�

Rt =
k2

νε
; fµ =

kª©U� ( −2, 5

1 + Rt/50

)
; f2 = 1 − 0, 3

kª©U� (−R2
t

)

stk�jui�Y\hZj�d�beh}d�k�j �

cµ = 0, 09 ; Cε1 = 1, 57 ; Cε2 = 2 ; σk = 1 ; σε = 1, 3

sH² |�i��ZkQ`W`gk vak3d�kQ]5�Zjui�be[�b\iQd�|Q[^fgj^d^fg��_Zk T = k/ε
[�kQ�a[�|�j�kQh}d�ko`cb�vU_a[�|�k0hZ|�i�k�j�j�befW[�k0�OY\_a[uvUfgj�j^fW�OkQ[�_ah%d�Y\_a[��

xafW`W`gY\h���Y\[^d�kQ_a[�vP² _ahZk-|QhZkQ[^�mfgk�iQfWhZ|Qd^fg�}_Zkod^_a[^xa_a`gkQh�d�k
k
T

§ `�kª©Bfgj�d�k�vakuhZY\] xa[�kQ_U©)])YBvawQ`gk�j
k−ε

���nY\hZk�j���s{be_ahZvakQ[��Bs{be_ahZvakQ[�� ����be[^]�b��U 3be�}behZY �U»¼�afgkQha� �B���afW�tTWTWT��ªT
stk�juvUf>£P|Q[�kQhZi�k�ju]�b��^kQ_a[�k�jukQh�d^[�k-i�k�j�])YBvawQ`gk�jui�Y\hZi�kQ[^hZkQh}d8`gk�j�l\be`gkQ_a[�j�vak�jui�Y\hZj^d�beh}d�k�j8kQd�`gk�j�¯ Y\hZiQd^fgY\hZj
vP²rbe])Y\[^d^fgj�j�kQ])kQh�d�_ad^fW`Wfgj�|�k�j(T

V��
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k − ε
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stk�j:i�Y\hZvUfWd^fgY\hZj�vak%[�|�be`Wfgj�bexafW`WfWd�|±kª©B�a[^fW])kQh�d:��_Zk%`gk�j�®Z_ZiQd^_�bed^fgY\hZj"vak�l�fWd�k�j�j�k�be_«i�be[^[�|�vaY\fWlnkQh}d �Qd^[�k
��Ymj^fWd^fWlnk�j)kQd���_Zk�`gk�j)i�Y\[^[�|Q`cbed^fgY\hZj"iQ[�Y\fgj�|�k�j)vaY\fWlnkQh}d:ln|Q[^f>º�kQ[)`³² fWhZ|Q�}be`WfWd�|±vak'�Bi�����be[^d � T¼�8�a�a`Wfg��_Z|�k�j��
_ah ])YBvawQ`gk5vak�d^_a[^xa_a`gkQhZi�k

k − ε
�t`gk�joi�Y\hZvUfWd^fgY\hZj-��Y\_a[ b\j�j^_a[�kQ[o`cb"[�|�be`Wfgj�bexafW`WfWd�|)vZbehZj-_ah |�i�Y\_a`gkQ])kQh}d

d^[^fgvUfW])kQhZj^fgY\hahZkQ`@j�Y\h}d�� lnY\fW[ �WV�� � �3�

Cµ ≤ 1

s
√

3
; s =

k

ε
S ; S2 = 2SijSij −

2

3
S2

kk

»2k�iQfo��kQ[^])kQd�vP² Y\xad�kQhafW[%_ah ])Y�vawQ`gk'¯³befWxa`gkQ])kQh}d�hZY\hU�³`WfWhZ|�befW[�k b�lnk�i=_ahEi�YBk 
�iQfgkQh}d
Cµ

¯ Y\hZiQd^fgY\hEvU_
d�kQhZj�kQ_a[�vakova|ª¯ Y\[^]�bed^fgY\h'b\vUfW])kQhZj�fgY\hahZ|��

Cµ = min

(
Co

µ,
c

s
√

3

) b�lnk�i
c ≤ 1

Y	�
Co

µ

k�j�du|Q�}be`gk �
0.09

T

9�� ����
 � � �
k − ω
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»2k�])YBvawQ`gk �WVmV �a�a[�|�j�kQh}d�k�`gk��m[�behZv)b�l\beh�d�be�nk�vak2hZk���b\jHi�Y\]5��Y\[^d�kQ[Hvak2¯°Y\hZiQd^fgY\h)vP²rbe])Y\[^d^fgj�j�kQ])kQh}d2vZbehZj
`gk�j0j�k�i�Y\hZvaj0])kQ] xa[�k�j vak�j3|���_�bed^fgY\hZjovak d^[�behZj^��Y\[^d3haf
vZbehZj3`³² kª©U�a[�k�j�j^fgY\h vak `cb�lBfgj�i�Ymj^fWd�|�d^_a[^xa_a`gkQh}d�kmT
¡�be[ i�Y\h}d^[�k��PfW`
k�j^d0d^[�w�j-j�kQhZj^fWxa`gk5�"`cb:i�Y\hZvUfWd^fgY\h�`WfW]5fWd�k��:fW]5�OYmj�kQ[-j�_a[

ω
be_U©±¯°[�Y\h}d^fgwQ[�k�j�vak�joi�Y\_Zi��Zk�j

`WfW]5fWd�k�j�kQduvak�j�j^fW`W`cbe�nk�j�T

∂ρk

∂t
+
vUfWl [

ρk~V − (µ + σ∗µt) ~�m[�b\v k
]

= Pk − β∗ρkω

∂ρω

∂t
+
vUfWl [

ρω~V − (µ + σµt) ~�m[�b\v ω
]

= α
ω

k
Pk − βρω2

avec µt =
ρk

ω
stk�jui�Y\hZj�d�beh}d�k�j �

α =
5

9
; β =

3

40
; β∗ = 0, 09 ; σ = σ∗ = 0, 5

s{b5i�Y\hZvUfWd^fgY\h�`WfW]5fWd�k � `cb���be[�Y\ft��Y\_a[�`cb�vUfgj�j^fW��bed^fgY\h�j^�O|�iQf>º���_Zk-k�j^d-�

lim
d→0

ω =
6ν

βd2

9�� ����
 � � �
k − ω
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§ `;j�²rbe�mfWd vP² _ah ])YBvawQ`gk)xafgi�Y\_Zi��Zk��
k − ω

vak��yfW`gi�Y�©�kQd
k − ε

vak�s{be_ahZvakQ[�� ����be[^]�b���va|QlnkQ`gY\�a�O|��OY\_a[
[�kQ])|�vUfgkQ[¼be_��a[�Y\xa`gwQ])kuvak�j�kQhZj^fWxafW`WfWd�|u�3`cb8lmbe`gkQ_a[Hvak

ωe
�8`³² kª©Ud�|Q[^fgkQ_a[;vak�j
i�Y\_Zi��Zk�j;`WfW]5fWd�k�j�Tm��kQh�d�kQ[!�WV�q��

k�j^��wQ[�k±befWhZj^f�i�Y\hZj�kQ[^lnkQ[�`gk%x�Y\h«i�Y\]5��Y\[^d�kQ])kQh}d�vU_·])Y�vawQ`gk�vak��yfW`gi�Y�©·vZbehZj)`cb=[�|Q�mfgY\h¶fWh}d�kQ[^hZk�vak�j
i�Y\_Zi��Zk�j�`WfW]5fWd�k�j�kQd�Y\xad�kQhafW[�_ahZk�i�Y\hZvUfWd^fgY\h `WfW]5fWd�k�fWhZj�kQhZj^fWxa`gk be_yhafWlnk�be_¥vak

ωe
T�»2k�iQf0i�Y\hZj^d^fWd^_Zk'`gk

])YBvawQ`gk 
u�Bs�vako�'kQh}d�kQ[��

∂ρk

∂t
+
vUfWl [

ρk~V − (µ + σ∗µt) ~�m[�b\v k
]

= Pk − β∗ρkω

∂ρω

∂t
+
vUfWl [

ρω~V − (µ + σµt) ~�m[�b\v ω
]

=
γ

νt
Pk − βρω2

+ 2
ρσω

ω
~�m[�b\v k. ~�m[�b\v ω

VmV



�'kQh}d�kQ[�b��^Y\_ad�k5kQh �a`W_Zj0_ahZk)i�Y\[^[�k�iQd^fgY\h�vUfWd�k��a���Á��Y\_a[ �����Zk�be[ ��d^[�k�j�j��{[�behZj^�OY\[^d �\T{�
`W`gk5[�kQ��Ymj�k�j^_a[
`cb�i�Y\hZj�d�bed�bed^fgY\h~��_Zk)��Y\_a[ `gk�j�])Y�vawQ`gk�j vak)d^_a[^xa_a`gkQhZi�k%�±vakQ_U©�|��}_�bed^fgY\hZj vak�d^[�behZj��OY\[^d�_ad^fW`Wfgj�beh}d `cb
hZY\d^fgY\h�vak0lBfgj�i�Ymj^fWd�|0d^_a[^xa_a`gkQh}d�k��Z`gk0[�be�a�OY\[^duvak0`cb�i�Y\h�d^[�befWh}d�k vak0iQfgj�befW`W`gkQ])kQh�d

τ
� `cb�l\be`gkQ_a[uvak

ρk
k�j�d

|Q�}be`gk ���
τ

ρk
=

√
Cµ

Pk

ε
; Cµ = 0, 09

be`gY\[�j���_t² kª©B��|Q[^fW])kQh}d�be`gkQ])kQh�d�i�k3[�be�a�OY\[^d�k�j^d��a`W_ad��\d
τ/ρk '

√
Cµ = 0, 3

vZbehZj�_ahZk3�m[�behZvak0��be[^d^fgk3vak
`cb�i�Y\_Zi��Zk-`WfW]5fWd�kmTZ¢obehZj�`gkoi�b\j�vP² |�i�Y\_a`gkQ])kQh}d�j3kQh%�a[�|�j�kQhZi�k-vak0�m[�b\vUfgkQh�d�j�vak0�a[�k�j�j^fgY\h%��Ymj^fWd^f>¯ j��B`gk0[�be�U�
��Y\[^d2�a[�YBvU_ZiQd^fgY\h�j^_a[�vUfgj�j^fW��bed^fgY\h%��kQ_ad �Qd^[�k3hZkQd^d�kQ])kQh}d�j^_a��|Q[^fgkQ_a[��"V0i�k3��_afPi�Y\hZvU_afWd�� j^_a[�k�j^d^fW])kQ[�`cb
i�Y\h}d^[�befWh�d�k-vak0iQfgj�befW`W`gkQ])kQh}dukQd�vaY\hZi��BfWhZvUfW[�k�iQd�kQ])kQh}d��O� j�Y\_Zj���k�j^d^fW])kQ[�`³² kª£�kQd�vak�j2�m[�b\vUfgkQh}d�j�vak8�a[�k�j�j^fgY\h
��Ymj^fWd^f>¯°j(T

¡@Y\_a[
��be`W`WfgkQ[Hi�kQd^d�k¼fWhZi�Y\�Z|Q[�kQhZi�k��}��kQh�d�kQ[!�WV�S��U�a[�Y\��Ymj�k�vak2`WfW]5fWd�kQ[�`gk2i�YBk 
�iQfgkQh}d¼vak¼lBfgj�i�Ymj^fWd�|¼d^_a[^xa_a`gkQh}d�k
vZbehZj�`cb�[�|Q�mfgY\h�kª©Bd�kQ[^hZk-vak�j�i�Y\_Zi��Zk�j8`WfW]5fWd�k�j-�

µt =
ρk/ω

max
(
1, ΩF2

a1ω

)

s{b8¯ Y\hZiQd^fgY\h
F1
�OkQ[^])kQdHvak���b\j�j�kQ[HvU_5])Y�vawQ`gk

k−ω
�3`cb3��be[�Y\f �

F1 = 1
��be_5])Y�vawQ`gk

k−ε
�3`³² kª©Ud�|Q[^fgkQ_a[

�
F1 = 0

��kQdu`cb�¯ Y\hZiQd^fgY\h
F2
`WfW]5fWd�ko`cb�lmbe`gkQ_a[uvako`cb l�fgj�i�Ymj^fWd�|od^_a[^xa_a`gkQh}d�kmT��
`W`gk�j�j�Y\h}d�vaY\hahZ|�k�j���be[-�

F1 =
d�beha�

(ζ4) avec ζ = min

[
max

( √
k

0, 09ωy
,
500ν

y2ω

)
;
4ρσω2k

Dωy2

]

et Dω = max
(ρσω2

ω
~�m[�b\v k. ~�m[�b\v ω; 10−20

)

F2 =
d�beha�

(ι4) avec ι = max

(
2

√
k

0, 09ωy
;
500ν

y2ω

)

stk�j�i�Y\hZj^d�beh�d�k�j��@fWhZvUfgi�|�k�j"V:��Y\_a[�`gk:])Y�vawQ`gk"vak �¶fW`gi�Y�© kQd�q±��Y\_a[�`gk:])Y�vawQ`gk"vak"s{be_ahZvakQ[�����be[^]�b
j�² |�iQ[^fWlnkQh�d��

φ = F1φ1 + (1 − F1)φ2

σ∗

1 = 0, 5 ; σ1 = 0, 5 ; β1 = 0, 075 ; σω1
= 0

σ∗

2 = 0, 85 ; σ2 = 0, 856 ; β2 = 0, 0828 ; σω2
= 0, 856

κ = 0, 41 ; a1 =
√

β∗ = 0, 3 ; γi =
βi

β∗
− σi

κ2

√
β∗

��Y\_a[uf � V��rq

��kQ]�be[���_Zk5�B`cb�i�Y\[^[�k�iQd^fgY\h'�a��� vak0��kQh�d�kQ[u��kQ_ad �Qd^[�k-be�a�a`Wfg��_Z|�k-� ht² fW]5��Y\[^d�ko�}_ZkQ`P])YBvawQ`gkovak3d^_a[^xa_U�
`gkQhZi�k ��vakQ_U©�|���_�bed^fgY\hZj�T

� � � � � � ��
 
 � � � 	 � ��� 
 ��� 	

�
`W`gk�j2[�kQ��Ymj�kQh}d�j^_a[¼`cb va|ªºZhafWd^fgY\h%vak8`cb-lBfgj�i�Ymj^fWd�|�d^_a[^xa_a`gkQh}d�k0��Y\_a[2i���b\iQ_ah�vak�j¼])YBvawQ`gk�j���kQh"hZ|Q�m`WfW�nk�beh}d
`gk�jui�Y\[^[�k�iQd^fgY\hZj3vak3¯ befWxa`gk-hZY\] xa[�k vako�8kQ½�hZY\`gvaj�vakod^_a[^xa_a`gkQhZi�k��

k − ε : µt = ρCµk2/ε

k − ω : µt = ρk/ω

Spalart − Allmaras : µt = ρν̃

V�q
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stk�j¼])Y�vawQ`gk�j��0�B�L�°��kQ½BhZY\`gvaj���d^[�k�j�j2�'Y�vakQ` �
[�kQ�OYmj�kQh�d2j�_a[¼`cb-[�|�j�Y\`W_ad^fgY\h"vak�j�|���_�bed^fgY\hZj¼vak8d^[�behZj^��Y\[^d
vak�j¼d�kQhZj^fgY\hZj�vak���kQ½BhZY\`gvaj�TU»2k�j2|���_�bed^fgY\hZj2vak�d^[�behZj^��Y\[^d�j�Y\h}d2Y\xad�kQh}_Zk�j�kQh�j�Y\_Zj^d^[�b�½}beh�d�vaku`³² |���_�bed^fgY\h
vak

u′

iu
′

j

`³² |���_�bed^fgY\h·vak
UiUj

kQd5kQh¾�a[�kQh�beh}d5`cb�])Y�½nkQhahZk�vak"��kQ½BhZY\`gvaj��°Y\_¿vak�X�b�lB[�k(� vU_¾[�|�j^_a`Wd�bed�T
sH² |���_�bed^fgY\h�j�² |�iQ[^fWd�be`gY\[�j8j�Y\_Zj�¯ Y\[^])koi�Y\]5��b\iQd�k��

Cij = Pij + φij − εij + Dtij + Dpij + Dνij

»2kQd^d�k�|��}_�bed^fgY\h i�Y\]5�a[�kQhZv vakQ_U©'d�½B�Ok�j0vak d�kQ[^])k���i�kQ_U©�kª©B�a[^fW]�bexa`gk�j j�Y\_Zj8¯°Y\[^])k�vak�vUfWlnkQ[^�nkQhZi�k5vak
d�kQhZj�kQ_a[�j���_af�[�kQ�a[�|�j�kQh}d�kQh�du`gk3d^[�behZj^�OY\[^d�vP² _ahZk0��_�beh}d^fWd�|)� d�kQ[^])k�j

Dtij
�
Dpij

kQd
Dνij

vaY\h}d�`³² fWh}d�|Q�m[�be`gk
[�k�j^d�k2h}_a`W`gk�j�_a[ `³² kQhZj�kQ]�xa`gk�vak2`³² |�i�Y\_a`gkQ])kQh}d ��kQd
i�kQ_U© ��_af���Y\_ZkQh�d
`gk¼[��\`gk�vak�j�Y\_a[�i�k�j�kQd
vak2�a_afWd�ju� d�kQ[^])k�j

Pij
�
φij

kQd
εij
vaY\h}du`³² fWh�d�|Q�m[�be`gk k�j^duhZY\h%h�_a`W`gk(�ªT

stk�juvUf>£P|Q[�kQh}d�j8d�kQ[^])k�j�j�Y\h}d-�
�
Cij

�Ud�kQ[^])k-vak i�Y\h}lnk�iQd^fgY\htT
�
Pij

�a�a[�YBvU_ZiQd^fgY\h�[�|�j^_a`Wd�beh}d3vU_%d^[�b�lmbefW` vak�j�d�kQhZj�fgY\hZjuvak-��kQ½BhZY\`gvaj�T
�
φij

�Ud�kQ[^])k vak0[�k�vUfgj�d^[^fWxa_ad^fgY\h±��be[u`cb �a[�k�j�j�fgY\htT
�
εij
�ad�kQ[^])k-vakovUfgj�j^fW��bed^fgY\h�vU_Zk � `cb�lBfgj�i�Ymj^fWd�|ovU_%®Z_afgvakmT

�
Dtij

�avUf>£�_Zj^fgY\h%d^_a[^xa_a`gkQh�d�k���_aftk�j^d�_ahZk-i�Y\h�lnk�iQd^fgY\h'be_�hafWlnk�be_±vak�j3be�mfWd�bed^fgY\hZjud^_a[^xa_a`gkQh�d�k�j�T
�
Dpij

�ZvUf>£�_Zj^fgY\h%d^_a[^xa_a`gkQh}d�k vU_Zk be_U©"®Z_ZiQd^_�bed^fgY\hZj8vakQ�a[�k�j�j�fgY\h
�
Dνij

�avUf>£O_Zj�fgY\h�])Y\`g|�iQ_a`cbefW[�kmT

����be[^d�`cb��a[�YBvU_ZiQd^fgY\h��;d�Y\_Zj"i�k�j�d�kQ[^])k�j"hZ|�i�k�j�j�fWd�kQh}d�vP² �Qd^[�k±])YBva|Q`Wfgj�|�j�T¼§�`3k�j^d"be_Zj�j�fuhZ|�i�k�j�j�befW[�k'vak
[�|�j�Y\_ZvU[�k±`³² |��}_�bed^fgY\h¥vak�d^[�behZj^��Y\[^d:kª©Zb\iQd�k���Y\_a[

ε
kQd:vP² fWh�d^[�Y�vU_afW[�k'vak�j:])Y�vawQ`gk�j��=x�b\j:hZY\] xa[�k'vak

��kQ½BhZY\`gvajuvak0d^_a[^xa_a`gkQhZi�k"� ¯°Y\hZiQd^fgY\hZj8vP²rbe])Y\[^d^fgj�j�kQ])kQh}d0vak0`cb�d^_a[^xa_a`gkQhZi�k(�ªT

stk�j¼�a[^fWhZiQfW��be`gk�j��}_�be`WfWd�|�j�vP² _ah�])YBvawQ`gk3�3�B��j�Y\h}d�j�k�j¼i�be��b\iQfWd�|�j��-�a[�|�vUfW[�k8vak�j2|�i�Y\_a`gkQ])kQh}d�j�vUf>£P|Q[�kQh}d�j
`gk�j3_ahZj0vak�j-be_ad^[�k�j�� �a`W_Zj0�m[�behZvak _ahafWlnkQ[�j�be`WfWd�|(�ªTP§ `@�OkQ[^])kQd0_ahZk�])kQfW`W`gkQ_a[�k�])Y�va|Q`Wfgj�bed^fgY\h=�a��½Bj^fg��_Zk�vak
`³² |�i�Y\_a`gkQ])kQh}d3�a_afgj���_t² fW`P�a[�kQhZv±kQh�i�Y\]5�ad�ko`³²rbehafgj�Y\d^[�Y\�afgk�be_�lnY\fgj^fWh�be�nk vako`cb ��be[�Y\f³T
sH² fWhZi�Y\h�ln|QhafgkQh}d�]�b���kQ_a[�vak)i�k�jo])YBvawQ`gk�j k�j^d-`gk5i�Y��ad kQh d�kQ]5�Zj vak)i�be`giQ_a`¼kQd kQh ])|Q])Y\fW[�k�i�be[ fW`gjo[�kª�
��_afgwQ[�kQh}dH`cb0[�|�j�Y\`W_ad^fgY\h�vak�p3hZY\_alnkQ`W`gk�j;|���_�bed^fgY\hZj�Tn�8h�be_ad^[�kuva|ª¯³be_adHk�j^d
`gk�]�behZ��_Zk�vak�[�Y\xa_Zj^d�k�j�j�k�vZbehZj
`cb [�|�j�Y\`W_ad^fgY\h�h}_a])|Q[^fg��_ZkmT

�8hZk0be`Wd�kQ[^h�bed^fWlnk �OY\_a[^[�befWd!�Qd^[�k0`³² _ad^fW`Wfgj bed^fgY\h±vak3])Y�vawQ`gk�ju�3�3�B�?�°��`W�nkQxa[�befgi-�8kQ½�hZY\`gvaj���d^[�k�j�j���YBvakQ` �
Y	��`gk�j d�kQhZj^fgY\hZj vak���kQ½BhZY\`gvaj j�Y\h}d Y\xad�kQh}_Zk�j5�%��be[^d^fW[ vP² kª©B�a[�k�j�j�fgY\hZj be`W�n|Qxa[^fg��_Zk�j�va|�vU_afWd�k�j�vak�`gkQ_a[�j
|���_�bed^fgY\hZj�vak0d^[�behZj^��Y\[^d�T
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§ `�kª©Ufgj^d�k3vUf>£�|Q[�kQh�d�k�j�])YBva|Q`Wfgj�bed^fgY\hZjuvU_"®Z_U©"vak0i���be`gkQ_a[�d^_a[^xa_a`gkQh}d�TZ¢0kQ_U©"va|Q]�be[�i��Zk�juj�Y\h�d��a[^fWhZiQfW��be`gkª�
])kQh}d�_ad^fW`Wfgj�|�k�j �

• `cb��a[�kQ]5fgwQ[�k5k�j^d3x�b\j�|�k�j�_a[8`³² ��½���Y\d^�Zw�j�k�vak 
�Y\_Zj�j�fWhZk�j���kQd3�OkQ[^])kQdovak�[�kQ`WfgkQ[3`gk ®Z_U©�vak�i���be`gkQ_a[d^_a[^xa_a`gkQh�d3be_��m[�b\vUfgkQh�d8vak0d�kQ]5��|Q[�bed^_a[�k-])Y(½nkQhahZk-��be[u_ahZko`gY\ftvak-d�½B�OkoXZY\_a[^fgkQ[�� ])Y�vawQ`gk�j3be`W�n|ª�
xa[^fg��_Zk�juY\_���|���_�bed^fgY\hZj�vak0d^[�behZj��OY\[^d �ªT
s{k�jui�Y\]5�OYmj beh}d�k�j3vU_%lnk�iQd�kQ_a[u®Z_U©%vakoi���be`gkQ_a[�d^_a[^xa_a`gkQh�d

qt
i

ln|Q[^f>º�kQh}d �

qt
i = −Cpαt

∂T

∂xi

V�S



Y	�
αt
k�j^d0`cb�vUf>£O_Zj^fWlBfWd�| d^�ZkQ[^]5fg�}_Zk)d^_a[^xa_a`gkQh}d�k±�°vak�] �Q])k5vUfW])kQhZj^fgY\h �}_Zk `cb:l�fgj�i�Ymj^fWd�| d^_a[^xa_U�

`gkQh�d�k
µt
�ªTa§ `P[�k�j^d�k-be`gY\[�j8� ])YBva|Q`Wfgj�kQ[u`gk-j�i�be`cbefW[�k

αt
T

s{k�joi�Y�vak�j0vU_ i�Y\]5])kQ[�i�k5_ad^fW`Wfgj�kQh�do�a[^fWhZiQfW��be`gkQ])kQh}d _ahZk ])YBva|Q`Wfgj�bed^fgY\h�be`W�n|Qxa[^fg��_Zk5vak
αt
x�b\j�|�k

j�_a[;_ahZk0beh�be`gY\�mfgk0b�lnk�i3`gk�j;�a�Z|QhZY\])wQhZk�j�])Y\`g|�iQ_a`cbefW[�k�j�Y	�"`cb-vUf>£�_Zj^fWlBfWd�|8k�j^d¼�a[�Y\�OY\[^d^fgY\hahZkQ`W`gk-�-`cb
lBfgj�i�Ymj^fWd�|

µ
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d^_a[^xa_a`gkQh}d�kok�j�d¼`gk0j^fgwQ�nk3vaku¯ Y\[^d�j2�m[�b\vUfgkQh}d�juvak8`cb�l�fWd�k�j�j�k��}vak3`cb d�kQ]5�O|Q[�bed^_a[�kokQd�vak�j2�m[�behZvakQ_a[�j�d^_a[^xa_U�
`gkQh}d�k�j �}j^_afWlmbeh}dH`cb-vUfW[�k�iQd^fgY\h

y
�OkQ[^��kQhZvUfgiQ_a`cbefW[�k8�0`cbo��be[�Y\f³T}�8_)�a[�Y�i��Zk�lnY\fgj^fWh�be�nk8vak�`cb0��be[�Y\f��n`³² |QhZkQ[^�mfgk

iQfWhZ|Qd^fg��_Zk8vak8d^_a[^xa_a`gkQhZi�k
k
|QlnY\`W_Zk3i�Y\]5])k

y2 T}�H`W`gk8�a[�|�j�kQh}d�k8_ah:�afgi0be_ad�Y\_a[2vak y+ ' 10 ∼ 20
i�Y\]5])k

`cb��a[�YBvU_ZiQd^fgY\h�vak
k
Tts{b�i�Y\h}d^[�befWh}d�k"vak5iQfgj�befW`W`gkQ])kQh�d�d^_a[^xa_a`gkQh�d�k�|QlnY\`W_Zk�i�Y\]5])k

y3 TPs b%j�Y\_Zj���i�Y\_Zi��Zk
lBfgj��}_ZkQ_Zj�k3k�j�d2`gk0j^fgwQ�nkovP² _ahZk3¯ Y\[^d�k0vUfgj�j^fW��bed^fgY\h%`Wfg|�k-� `cb��a[�|�j�kQhZi�kovak0��kQd^fWd�k�j�j^d^[^_ZiQd^_a[�k�juvUfgj�j�fW��bed^fWlnk�j��
`cb�vUfgj�j^fW��bed^fgY\h

ε
lmbe[^fgko[�be�afgvakQ])kQh}d8d�Y\_adu�a[�w�juvako`cb ��be[�Y\f{kQd3bed^d�kQfWh}d8j�Y\h%]�b4©BfW]�_a] � `cb ��be[�Y\f³T

�8_Zj�j^f��O`gk ]�befW`W`cbe�nk)vaY\fWd bexZj�Y\`W_a])kQh}d�i�Y\]5�OY\[^d�kQ[ vak�j0��Y\fWh}d�j vZbehZjo`cb�j�Y\_Zj���i�Y\_Zi��Zk�l�fgj���_ZkQ_Zj�kmT��3j^_ZkQ`>�
`gkQ])kQh}d���`gk�j3]�befW`W`cbe�nk�jo��Y\_a[0vak�j3i�be`giQ_a`gjo�8�8 o�±Y\h}d0_ahZk ��be_ad�kQ_a[0vak �a[�kQ]5fgwQ[�k�]�befW`W`gk

h+
1

�a[�YBi��Zk�vak
`³² _ahafWd�|�kQh¾l\be[^fcbexa`gk�vak:��be[�Y\f³T
¡ Y\_a[�`gk"])Y�vawQ`gk

k − ε
vak �nY\hZk�j���s be_ahZvakQ[���fW`�k�j�d�] �Q])k�j�Y\_a��befWd�bexa`gk

vP²rb�lnY\fW[
h+

1

be_ad�Y\_a[5vak����rS � lnY\fW[�d^[�b�lmbe_U© vak 
�be[�vUfWh�b'kQd�be`��WVQ��� �ªT���hZk�d�kQ`W`gk"i�Y\hZvUfWd^fgY\h¾fW]5��Ymj�k"vak�j
i�Y\h}d^[�befWh�d�k�juj�|QlnwQ[�k�j2��Y\_a[¼`cb i�Y\hZj^d^[^_ZiQd^fgY\h�vU_:]�befW`W`cbe�nkmTU¢0ku�a`W_Zj �}`gk8[�k�j^��k�iQd2vak8`cb i�Y\hZvUfWd^fgY\h±»2X�s=kQhU�
d^[�b��ghZk8_ah���b\j2vak�d�kQ]5�Zj2vP² fWh}d�|Q�m[�bed^fgY\h%`gYBi�be`�d^[�w�j¼�OkQd^fWd2vZbehZj2`gk�jH]�befW`W`gk�j2`gk�j;�a`W_Zj;ºZhZk�j���i�k8��_af�[�be`gkQh�d^fWd
¯ Y\[^d�kQ])kQh}d�`cb lBfWd�k�j�j�kovak i�Y\h}lnkQ[^�nkQhZi�k vak�j�])|Qd^�ZY�vak�j�vako[�|�j�Y\`W_ad^fgY\h�hZY\h�d�Y\d�be`gkQ])kQh�d�fW]5�a`WfgiQfWd�k�j�T
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stk��a[^fWhZiQfW�Ok vak�x�b\j�k�vU_'d^[�befWd�kQ])kQh}dovak���be[�Y\f [�kQ��Ymj�k j^_a[�`³² kª©Ufgj^d�kQhZi�k��OxafgkQh=|Qd�bexa`Wfgk ��Y\_a[8`gk�j3i�Y\_Zi��Zk�j
`WfW]5fWd�k�j d^_a[^xa_a`gkQh}d�k�j xafgvUfW])kQhZj^fgY\hahZkQ`W`gk�j@fWhZi�Y\]5�a[�k�j�j^fWxa`gk�j@��b\jtd^[�Y\�-�a[�w�j vU_�va|�i�Y\`W`gkQ])kQh�d��4vP² _ahZk;[�kQ`cbed^fgY\h
_ahafWlnkQ[�j�kQ`W`gko[�kQ`Wfcbeh�d�`cb�lBfWd�k�j�j�k-� `cb�vUfgj�d�behZi�k ��`cb ��be[�Y\ft��be[u`³² fWh�d�kQ[^])|�vUfcbefW[�k�vU_�¯ [�Y\d^d�kQ])kQh�d���be[^fg|Qd�be`³T
µ8h5fWh}d^[�YBvU_afWd
`cb3lBfWd�k�j�j�k2vak���be[�Y\fZkQd@`cb8`gY\ha�m_ZkQ_a[;vak2��be[�Y\f��m�m[�behZvakQ_a[�j¼b\vUfW])kQhZj^fgY\hahZ|�k�jH��be[�`gk�j
|�i��ZkQ`W`gk�j
vako��be[�Y\f;�

U+ = U/Uτ ; y+ =
yUτ

νp
; Uτ =

√
τp

ρp
�BkQ`gY\h±`³² fW]5��Y\[^d�behZi�k-[�kQ`cbed^fWlnk�vak�jui�Y\]5��Ymj�beh}d�k�j8`cbe]5fWh�befW[�k kQdud^_a[^xa_a`gkQh�d�k�vU_±d�kQhZj�kQ_a[�vak�j�i�Y\h�d^[�befWh}d�k�j��
`cb [�|Q�mfgY\h±fWh�d�kQ[^hZk vak0`cb5i�Y\_Zi��Zko`WfW]5fWd�k-j�koj�|Q��be[�k-kQh�d^[�Y\fgj � Y\hZk�j8vUfgj^d^fWhZiQd�k�j �
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QN � � � � � � � � 
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 � � y+ < 5§ `¼j(²rbe�mfWd _ahZk � Y\hZk�vak�¯ befWxa`gk:|Q��befgj�j�kQ_a[�Y	��`³²rb\iQd^fgY\h¿vak)`cb�l�fgj�i�Ymj�fWd�|)�a[�|�vaY\]5fWhZkmT�¢obehZj�i�k�ºZ`W]
lBfgj���_ZkQ_U© �U`gk0�a[�YeºZ` vakol�fWd�k�j�j�k0vako��be[�Y\f{j^_afWd�_ahZko`gY\f{`WfWhZ|�befW[�k)�

U+ = y+
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 � � � ��� � � ��� � 40 < y+ kQd y/δ < 0, 2¢obehZjoi�kQd^d�k�[�|Q�mfgY\h���`gk�j0kª£PkQd�j0d^_a[^xa_a`gkQh}d�j-�a[�|�vaY\]5fWhZkQh�d�j^_a[3`gk�jokª£PkQd�j0l�fgj���_ZkQ_U©PTO§ `�k�j^dovUf�
�iQfW`gk
vak"va|Qd�kQ[^]5fWhZkQ[)b�lnk�i"�a[�|�iQfgj^fgY\h¾`³² |Qd�kQhZvU_Zk�vak:i�kQd^d�k � Y\hZk��@j�Y\h¾|Q��befgj�j�kQ_a[ l\be[^fgk"kQh~¯°Y\hZiQd^fgY\h¾vU_
hZY\]�xa[�k vako�8kQ½�hZY\`gvajukQd8vU_%�m[�b\vUfgkQh}d8vak-�a[�k�j�j^fgY\htT
¢obehZjui�kQd^d�k � Y\hZk��a`gk0�a[�YeºZ` vak0lBfWd�k�j�j�koj^_afWd�_ahZk-`gY\ft`gY\�}be[^fWd^�a]5fg�}_Zk:�

U+ =
1

κ

`Wh
y+ + C

s{k�jui�Y\hZj^d�beh}d�k�j
κ
kQd

C
�Bva|Qd�kQ[^]5fWhZ|�k�j3kª©U�O|Q[^fW])kQh�d�be`gkQ])kQh}d��Oj�Y\h}d�fWhZva|Q��kQhZvZbeh}d�k�j3vU_�hZY\] xa[�k vak

�8kQ½�hZY\`gvaj(T{s{b±i�Y\hZj^d�beh}d�k
κ
�@be�a�OkQ`g|�k"i�Y\hZj^d�beh}d�k�vak�lnY\h �-be[^]�beh��@k�j^d d^[�w�j��a[�YBi��Zk"vak"��� �ZV:kQd

C ' 5.25
T

V�p



»2kQd^d�k3`gY\ftj�² Y\xad^fgkQh�duj�Y\fWd���be[�`³²rbeh�be`W½Bj�k0vUfW])kQhZj^fgY\hahZkQ`W`gk j�Y\fWd���be[2`cb d^�Z|�Y\[^fgkovak�j�va|QlnkQ`gY\�a��kQ])kQh}d�j
b\j�½�]5�ad�Y\d^fg��_Zk�j2[�b\i�i�Y\[�va|�j0� �WV���� �ªT��
`W`gk8[�k�j^d�k8l\be`cbexa`gk8] �Q])k8�OY\_a[�vak�j;�m[�b\vUfgkQh�d�j�vak��a[�k�j�j^fgY\h���Ye�
j�fWd^f>¯°j�fWh}d�kQhZj�k�joi�Y\hZvU_afgj�beh�d-be_±lnY\fgj^fWh�be�nk�vU_�va|�i�Y\`W`gkQ])kQh�d-vak `cb�i�Y\_Zi��Zk `WfW]5fWd�kmT�¢obehZj�_ahZk � Y\hZk
va|�i�Y\`W`g|�k���i�kQd^d�ko`gY\ftht² k�j^d��a`W_Zj�l\be`WfgvakmT

• 9 ��� � 	 � � � � � � 	 �
5 < y+ < 40»3² k�j�du`cb � Y\hZk-vako[�b\i�i�Y\[�v�kQh}d^[�k-`gk�j�vakQ_U©�[�|Q�mfgY\hZj��a[�|�i�|�vakQh}d�k�j3Y	�±i�YBkª©Bfgj^d�kQh�du`gk�j��a[�Y\�a[^fg|Qd�|�j3vak

`cb�j�Y\_Zj���i�Y\_Zi��Zk l�fgj���_ZkQ_Zj�kokQduvako`cb � Y\hZk-`gY\�}be[^fWd^�a]5fg�}_ZkmT

¢obehZj�`cb [�|Q�mfgY\h�fWh}d�kQ[^hZk��Z�OY\_a[
y/δ < 0, 2

�a`gk3�a[�YeºZ`{vak�j�lBfWd�k�j�j�k�j�j^_afWd�vaY\hZi0_ahZk0`gY\f
U+ = f(y+)

�U�a[�Ye�
�a[^fg|Qd�|2¯ Y\hZvZbe])kQh}d�be`gkuvak�`cb3i�Y\_Zi��Zku`WfW]5fWd�k�d^_a[^xa_a`gkQh}d�kmT�»2kQd^d�k�`gY\f��mvUfWd�k �ª_ahafWlnkQ[�j�kQ`W`gk����nk�j�d@fWhZva|Q��kQhZvZbeh}d�k
vakod�Y\_ad�k�j�`gk�j�i�Y\hZvUfWd^fgY\hZj8vZbehZj�`gk�j��}_ZkQ`W`gk�j���kQ_ad�j�kova|QlnkQ`gY\�a��kQ[u`cb5i�Y\_Zi��Zk-`WfW]5fWd�kmT

*��g* �W* .�� � � 
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¡@Y\_a[�`gk�j�|�i�Y\_a`gkQ])kQh}d�j�i�Y\]5�a[�k�j�j^fWxa`gk�j�� Y\h�_ad^fW`Wfgj�k)`cb%lBfWd�k�j�j�k5d^[�behZj�¯ Y\[^])|�k
U
vak5lmbeh ¢3[^fgk�j^d �WV�p �;V(z � �

va|ªºZhafgko��be[ �

U =

∫ Ut

0

√
ρ

ρp
dUt

sH² fWhZvUfgi�k~² d�²Hva|�j^fW�mhZk±`cb i�Y\]5�OYmj beh}d�k�d�beha�nkQh}d^fgkQ`W`gk'vZbehZj�`gk%[�kQ��wQ[�k���be[�Y\f³T¼¡ Y\_a[:fWh}d�|Q�m[�kQ["`gk�[�be�a��Y\[^d

ρ/ρp
�UfW`O¯ be_adui�Y\hah�b��gd^[�ko`³² |QlnY\`W_ad^fgY\h'vak3`cb d�kQ]5�O|Q[�bed^_a[�k-vZbehZju`cb [�|Q�mfgY\h�vak0��be[�Y\f³TZsH² |QlnY\`W_ad^fgY\h±vU_�®Z_U©

vak�i���be`gkQ_a[5`gYBi�be`���vZbehZj�`gk"[�kQ��wQ[�k"��be[�Y\f�� ��kQ_ad5j�² Y\xad�kQhafW[���be[5kª©UkQ]5�a`gk�kQh¾hZ|Q�m`WfW�nk�beh}d)`cb�i�Y\h}lnk�iQd^fgY\h
vZbehZj�`³² |���_�bed^fgY\h�vak0`³² |QhZkQ[^�mfgkmT�µ8h�Y\xad^fgkQh}d3be`gY\[�j�_ahZko|��}_�bed^fgY\h�vUf>£�|Q[�kQh�d^fgkQ`W`gk ��Y\_a[�`cb d�kQ]5�O|Q[�bed^_a[�k�kQh
¯ Y\hZiQd^fgY\h±vako`cb lBfWd�k�j�j�kmT

*��g* �>D , � � 	 � � � �

stk'�a[^fWhZiQfW��k'vak�j"`gY\fgj%vak'��be[�Y\fok�j^d%befWhZj^fovak±[�kQ]5�a`cb\i�kQ[%`gk=i�be`giQ_a`ovak�j�vakQhZj^fWd�|�j%vak�®Z_U©¶vUf>£O_Zj�f>¯�kQd
vak�j��m[�behZvakQ_a[�j�d^_a[^xa_a`gkQh}d�k�j�d^[�behZj^��Y\[^d�|�k�j5vZbehZj `cb±�a[�kQ]5fgwQ[�k�i�kQ`W`W_a`gk:vU_~]�befW`W`cbe�nk���vaY\h}d�`³² |Qlmbe`W_�bed^fgY\h
�a[�|�iQfgj�kokª©UfW�nk0_ah�¯°Y\[^d�[�b�
)hZkQ])kQh�d8vU_%]�befW`W`cbe�nk�����be[�_ah±be_ad^[�k-i�be`giQ_a`P[�kQ�OYmj beh}d�j^_a[uvak�j��a[�Y\�a[^fg|Qd�|�j8vak
`cb-i�Y\_Zi��Zku`WfW]5fWd�k8d^_a[^xa_a`gkQh}d�kmTa»2k�iQf���kQ[^])kQd¼vP² _ad^fW`Wfgj�kQ[¼_ah�]�befW`W`cbe�nk8])Y\fWhZjH[�b�
)hZ|8�a[�w�j;vak�`cb0��be[�Y\fOb�lnk�i
vak�j���be_ad�kQ_a[�j8vako]�befW`W`gk

y+ i�Y\]5�a[^fgj�k�j�kQh}d^[�k��m�5kQd-V��m�UT

V(z
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stk�j�½Bj^d�wQ])k%k�j�d)[�|�j�Y\`W_«vak"¯³b���Y\h«kª©U�a`WfgiQfWd�k�kQh·d�kQ]5�Zj)��be[�_ah«j�i��Z|Q]�b��;��be[�kª©akQ]5�a`gk%`gk�j�i��Z|Q]�b vak
�u_aha�nkª� �0_ad^d�b:� �5��b\j�TZs{b�j�Y\`W_ad^fgY\h

wn+1 be_�d�kQ]5�Zj tn+1 = tn + ∆t
k�j^dui�be`giQ_a`g|�k�j�kQ`gY\h �

w(0) = wn

w(k) = w(k−1) − ak∆t
vUfWl

(F (k−1)
c − F

(0)
d − S(0))

��Y\_a[ � � V � �

wn+1 = w(4)

b�lnk�i��
a1 = 1

4

�
a2 = 1

3

�
a3 = 1

2

kQd
a4 = 1

T
stk�i��ZY\f>© vak�j0i�Y�k 
�iQfgkQh�d�j-i�Y\hZvU_afWd �:_ahZk �a[�|�iQfgj^fgY\h vP² Y\[�vU[�k5q:kQh=d�kQ]5�Zj�T�stk�j0d�kQ[^])k�j0lBfgj���_ZkQ_U©�kQd0`gk
d�kQ[^])k-j�Y\_a[�i�k j�Y\h}d�i�be`giQ_a`g|�j�_ahafg�}_ZkQ])kQh�d3be_%�a[�kQ]5fgkQ[8��b\j��a_afgj�ºZ�n|�j�T

D �°� �g+ , � 
 
 � � � � � 
 ��� � � �

��ºZh"vP²rb\i�i�|Q`g|Q[�kQ[�`cb-i�Y\h�lnkQ[^�nkQhZi�kovak�j�i�be`giQ_a`gj��}`gk8��b\j2vak�d�kQ]5�Zj
∆t
_ad^fW`Wfgj�|8�OY\_a[¼fWh}d�|Q�m[�kQ[�`gk�j2|��}_�bed^fgY\hZj

k�j^d2_ah:��b\j�vak8d�kQ]5�Zj2`gY�i�be`³TB§�`�k�j^d�va|Qd�kQ[^]5fWhZ|o�-��be[^d^fW[�vP² _ahZk0|Qd^_Zvak8vak3j^d�bexafW`WfWd�|0vak8lnY\h� 3kQ_a]�behah�j^_a[
_ahZk-|���_�bed^fgY\h±vakoi�Y\h}lnk�iQd^fgY\h=kQd�_ahZk-|���_�bed^fgY\h±vak-vUf>£�_Zj^fgY\htT
»¼��b\��_Zk"|���_�bed^fgY\h¿k�j^d fWh}d�|Q�m[�|�k��±`³²rbefgvak"vU_¾j�i��Z|Q]�b=kª©B�a`WfgiQfWd�k�j^_a[ _ahZk��m[^fW`W`gk"_ahaf>¯ Y\[^])kmT
sH² |Qd^_Zvak�vak
j^d�bexafW`WfWd�|"i�Y\hZvU_afWd���_ahZk�i�Y\hZvUfWd^fgY\h¾vak)d ½���k�iQ[^fWd�wQ[�k"vak"»2Y\_a[�beh�d���Xa[^fgk�vU[^fgi��Zj���s{kQl�½E�³»2X�s �ªT
»2k�j�vakQ_U©
i�Y\hZvUfWd^fgY\hZj3vak-j^d�bexafW`WfWd�|-[�kQ�a[�|�j�kQh}d�kQh}d3`gk�ju`WfW]5fWd�k�j�l�fgj��}_ZkQ_Zj�k kQduhZY\h�lBfgj��}_ZkQ_Zj�kovU_�iQ[^fWd�|Q[�k-vak�j^d�bexafW`WfWd�|
_ad^fW`Wfgj�|8�OY\_a[2`gk3i�be`giQ_a`�vU_"��b\j2vak�d�kQ]5�Zj2`gYBi�be`³T�s{b ¯ Y\[^] _a`cbed^fgY\h��B��Y\_a[2i���b\�}_Zk3��Y\fWh}d�vU_:]�befW`W`cbe�nk��Uk�j^d3�
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F (wG, wD) =
1
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[
F (wD) + F (wG)− | Ã | (wD − wG)

]
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(λÃ)
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Ã
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F (wG, wD) =
1

2

[
F (wD) + F (wG) − T̃

vUfcbe�
(| λÃ |)T̃−1(wD − wG)

]
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| λi |Harten =





| λi |
j^f

λi < −δ

0.5

(
λ2

i

δ
+ δ

) j^f −δ ≤ λi ≤ −δ

| λi |
j^f

λi > δ
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(i + 1/2, j)
�

��Y\_a[�d�Y\_ad�k-�}_�beh�d^fWd�|
f
�

�
fi+1/2,j =

fi,j + fi+1,j

2

�°j�i��Z|Q]�b5i�kQh�d^[�|(�

� (∂f

∂x

)

i+1/2,j

=
fi+1,j − fi,j

∆xi

� (∂f

∂y

)

i+1/2,j

=
fi,j+1 − fi,j−1 + fi+1,j+1 − fi+1,j−1

4∆y
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§ `P½�b�vakQ_U©%d�½B��k�juvakoi���be]5�Zj0� [�k�j^d^[�kQfWhZvU[�k-j^_a[�`gk�j��m[^fW`W`gk�j��m[�Ymj�j^fgwQ[�k�j��
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ΣΩhY	�
Σ
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k�j^d�`gk0lnY\`W_a])k vak�j�i�kQ`W`W_a`gk�j�i�Y\[^[�k�j^��Y\hZvZbeh}d�k�j�T
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stk�ju|���_�bed^fgY\hZj�vP² �H_a`gkQ[8j�Y\h�d�|�iQ[^fWd�k�j�j�Y\_Zj�`cb�¯°Y\[^])k-j�_afWl\beh�d�k)�

∂w

∂t
+ Â

∂w

∂x
+ B̂

∂w

∂y
+ Ĉ

∂w

∂z
= 0 Â =

∂F

∂w
, B̂ =

∂G

∂w
, Ĉ =

∂H

∂w

b�lnk�i
w
`gkolnk�iQd�kQ_a[�vak�j�l\be[^fcbexa`gk�j8i�Y\hZj�kQ[^lmbed^fWlnk�j��

F
�
G
kQd

H
`gk�j�®Z_U©%i�Y\h}lnk�iQd^f>¯ j8[�k�j^�Ok�iQd^fWlnkQ])kQh�d8vZbehZj

`gk�juvUfW[�k�iQd^fgY\hZj
x
�
y
kQd

z
T�µ8h%hZY\d�ko`gkolnk�iQd�kQ_a[ulBfWd�k�j�j�k ~V

vaY\h�d�`gk�jui�Y\]5��Ymj�beh}d�k�j8j�Y\h}d
U
�
V
kQd

W
T

stk�j�d^[�Y\fgj�]�bed^[^fgi�k�j ��b\i�Y\xafgkQhahZk�j
Â
�
B̂
kQd

Ĉ
j�Y\h}d8vaY\hahZ|�k-��be[-�

Â =




0 1 0 0 0

−U2 +
γ − 1

2
‖~V ‖2 (3 − γ)U −(γ − 1)V −(γ − 1)W γ − 1

−UV V U 0 0

−UW W 0 U 0

−U
[
γE − (γ − 1)‖~V ‖2

]
γE − γ − 1

2

(
‖~V ‖2 + 2U2

)
−(γ − 1)UV −(γ − 1)UW γU




B̂ =




0 0 1 0 0

−UV V U 0 0

−V 2 +
γ − 1

2
‖~V ‖2 −(γ − 1)U (3 − γ)V −(γ − 1)W γ − 1

−V W 0 W V 0

−V
[
γE − (γ − 1)‖~V ‖2

]
−(γ − 1)UV γE − γ − 1

2

(
‖~V ‖2 + 2V 2

)
−(γ − 1)V W γV




Ĉ =




0 0 0 1 0

−UW W 0 U 0

−V W 0 W V 0

−W 2 +
γ − 1

2
‖~V ‖2 −(γ − 1)U −(γ − 1)V (3 − γ)W γ − 1

−W
[
γE − (γ − 1)‖~V ‖2

]
−(γ − 1)UW −(γ − 1)V W γE − γ − 1

2

(
‖~V ‖2 + 2W 2

)
γW




�
h)�n|�Y\])|Q[^fgk8iQ_a[^l�fW`WfW�mhZk��}`cb3]�bed^[^fgi�k ��b\i�Y\xafgkQhahZk
A
vak�j
®Z_U©5i�Y\h}lnk�iQd^f>¯ j2�0d^[�b�lnkQ[�jH_ahZk�¯³b\i�kuk�j^dHi�be`giQ_a`g|�k

��be[ �

A = ÂSx + B̂Sy + ĈSz

b�lnk�i ~S
`gk0lnk�iQd�kQ_a[�j^_a[�¯³b\i�k-vakoi�Y\]5��Ymj�beh}d�k�j

(Sx, Sy, Sz)
T

»2kQd^d�k%]�bed^[^fgi�k%k�j^d)vUfcbe�nY\h�be`Wfgj bexa`gk±�'l\be`gkQ_a[�j)�a[�Y\�a[�k�j5[�|�kQ`W`gk�j�THs{b']�bed^[^fgi�k±vUfcbe�nY\h�be`gk
Λ = P−1APj�² |�iQ[^fWd �

Λ =




~V .~S
~V .~S

~V .~S

~V .~S + c
√

S2
x + S2

y + S2
z

~V .~S − c
√

S2
x + S2

y + S2
z




Sm�



 3Y\d�Y\hZj
~n
`gk�lnk�iQd�kQ_a[�hZY\[^]�be`¼�"`cb:¯³b\i�k��Pvak5i�Y\]5�OYmj�beh�d�k�j

(nx, ny, nz)
�
b
`cb���_�beh}d^fWd�| ‖~V ‖2

2

kQd
B
`cb

��_�beh}d^fWd�| (
1 − γ − 1

2
M2

) TtsH² kQh�d^��be`W�afgk�d�Y\d�be`gk:j�² |�iQ[^fWd��
H =

c2

γ − 1
+ b
TPstk�j-]�bed^[^fgi�k�j vak5��b\j�j be�nk

j�Y\h�d �

P =




nx ny nz
ρ

2c

ρ

2c
Unx uny − ρnz unz + ρny

ρ

2c
(U + cnx)

ρ

2c
(U − cnx)

Unx + ρnz V ny V nz − ρnx
ρ

2c
(V + cny)

ρ

2c
(V − cny)

Wnx − ρny Wny + ρnx Wnz
ρ

2c
(W + cnz)

ρ

2c
(W − cnz)

bnx + ρ(~V ∧ ~n)x bny + ρ(~V ∧ ~n)y bnz + ρ(~V ∧ ~n)z
ρ

2c
(H + c~V .~n)

ρ

2c
(H − c~V .~n)




P−1 =




Bnx (γ − 1)
U

c2
nx (γ − 1)

V

c2
nx +

nz

ρ
(γ − 1)

W

c2
nx − ny

ρ
−γ − 1

c2
nx

Bny (γ − 1)
U

c2
ny −

nz

ρ
(γ − 1)

V

c2
ny (γ − 1)

W

c2
ny +

nx

ρ
−γ − 1

c2
ny

Bnz (γ − 1)
U

c2
nz +

ny

ρ
(γ − 1)

V

c2
nz −

nx

ρ
(γ − 1)

W

c2
nz −γ − 1

c2
nz

c

ρ

(
γ − 1

2
M2 −

~V .~n

c

)
nx

ρ
− γ − 1

ρc
U

ny

ρ
− γ − 1

ρc
V

nz

ρ
− γ − 1

ρc
W

γ − 1

ρc

c

ρ

(
γ − 1

2
M2 +

~V .~n

c

)
−nx

ρ
− γ − 1

ρc
U −ny

ρ
− γ − 1

ρc
V −nz

ρ
− γ − 1

ρc
W

γ − 1

ρc




¡@Y\_a[¼_ah"|�i�Y\_a`gkQ])kQh}duq\¢��n`cbo]�bed^[^fgi�k
P
k�j�d¼Y\xad�kQh}_Zk0�o��be[^d^fW[�vaku`³² kª©U�a[�k�j�j^fgY\h:�a[�|�i�|�vakQh}d�k0kQh:kQha`gkQlmbeh}d

`cb)vakQ_U©UfgwQ])k i�Y\`gY\hahZk kQd�`cb��}_�bed^[^fgwQ])k `WfW�mhZk��Ob�lnk�i
W = nz = 0

T��
d8`cb5]�bed^[^fgi�k
P−1 k�j^d3Y\xad�kQh}_Zk kQh

kQha`gkQlmbeh}d�`cb���_�bed^[^fgwQ])k-i�Y\`gY\hahZk�kQd�`cb5vakQ_U©BfgwQ])k-`WfW�mhZk���b�lnk�i
W = nz = 0

T

����� � �"� � �����������!��� � �#����� ��� � ��� � � � � ������� �����

µ8hybe�a��kQ`W`gk
Fv

�
Gv

kQd
Hv

`gk�j�®Z_U©·l�fgj���_ZkQ_U©¿[�k�j^��k�iQd^fWlnkQ])kQh}d%vZbehZj�`gk�j"vUfW[�k�iQd^fgY\hZj
x
�

y
kQd

z
T2µ8h

fWh}d^[�YBvU_afWd ��]�bed^[^fgi�k�j �^b\i�Y\xafgkQhahZk�jovak�j8®Z_U©±lBfgj���_ZkQ_U©���be[3[�be�a��Y\[^d-be_U©±lmbe[^fcbexa`gk�j3i�Y\hZj�kQ[^l\bed^fWlnk�jokQdo�
`gkQ_a[�j��m[�b\vUfgkQh�d�j��

Av
0 =

∂Fv

∂w
; Av

1 =
∂Fv

∂wx
; Av

2 =
∂Fv

∂wy

Bv
0 =

∂Gv

∂w
; Bv

1 =
∂Gv

∂wx
; Bv

2 =
∂Gv

∂wy

Cv
0 =

∂Hv

∂w
; Cv

1 =
∂Hv

∂wx
; Cv

2 =
∂Hv

∂wy

�8b�½nY\h±j^��k�iQd^[�be`H�
ρ(Av

1) = ρ(Bv
2 ) = ρV =

γ

ρ

(
µ

Pr
+

µt

Prt

) T

SUV
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µ8h±i�Y\hZj^fgvawQ[�k-`gkoj^½Bj�d�wQ])kovP² |��}_�bed^fgY\hZj8vU_�])Y�vawQ`gk
k − ε

��Y\_a[�_ah±|�i�Y\_a`gkQ])kQh}d0q\¢ �

∂w

∂t
+

∂ (Fc(w) − Fv(w,wx, wy))

∂x
+

∂ (Gc(w) − Gv(w,wx, wy))

∂y
= S(w)

� lnk�i5�

w
`gk0lnk�iQd�kQ_a[3vak�j�lmbe[^fcbexa`gk�jui�Y\hZj�kQ[^lmbed^fWlnk�j

(ρk, ρε)t �

Fc
kQd

Gc
`gk�j�®Z_U©�i�Y\h}lnk�iQd^f>¯ ju[�k�j��Ok�iQd^fWlnkQ])kQh�d8vZbehZju`gk�j�vUfW[�k�iQd^fgY\hZj

x
kQd

y
�

Fd
kQd

Gd
`gk�j�®Z_U©�vUfgj�j�fW��bed^f>¯°j�[�k�j��Ok�iQd^fWlnkQ])kQh�d8vZbehZju`gk�j�vUfW[�k�iQd^fgY\hZj

x
kQd

y
�

S
`gkod�kQ[^])k-j�Y\_a[�i�kmT

Fc =

(
ρkU

ρεU

)
; Fd =

1

Re




(µ +
µt

σk
)kx

(µ +
µt

σΨ
)εx




Gc =

(
ρkV

ρεV

)
; Gd =

1

Re




(µ +
µt

σk
)ky

(µ +
µt

σΨ
)εy




µ8h�fWh}d^[�YBvU_afWdH`gk�j@]�bed^[^fgi�k�j ��b\i�Y\xafgkQhahZk�j
A
kQd

B
vak�j ®Z_U©�i�Y\h}lnk�iQd^f>¯ j
��be[
[�be�a�OY\[^dHbe_U© l\be[^fcbexa`gk�jHi�Y\hZj�kQ[��

lmbed^fWlnk�j-�

A =
∂Fc

∂w
=

(
U 0

0 U

)
; B =

∂Gc

∂w
=

(
V 0

0 V

)

�
d)Y\h¿fWh�d^[�Y�vU_afWd)`gk�j�]�bed^[^fgi�k�j �^b\i�Y\xafgkQhahZk�j
Av

1

�
Av

2

�
Bv

1

kQd
Bv

3

vak�j�®Z_U©~vUf>£�_Zj^f>¯ j���be[5[�be�a�OY\[^d�be_U©
�m[�b\vUfgkQh}d�j3vak�j�lmbe[^fcbexa`gk�j �

Av
1 =

∂Fv

∂wx
= Bv

2 =
∂Gv

∂wy
=

1

ρRe




µ +
µt

σk
0

0 µ +
µt

σε




�
d
Av

2 =
∂Fv

∂wy
= Bv

1 =
∂Gv

∂wx
= 0

T

�{Y\_ad�k�j8i�k�j�]�bed^[^fgi�k�j3j�Y\h}duvUfcbe�nY\h�be`gk�j�T

Smq
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µ8h���be[^`gk be_Zj�j^f{vak�j8|��}_�bed^fgY\hZj3XU�8 o�=�°X�b�lB[�k �{lnkQ[�be�nk�v� 3b�l�fgkQ[�� ��d�Y��nk�j �ªT�µ8h±fWh�d^[�Y�vU_afWd8`gk�j�va|�i�Y\]5��Ye�
j^fWd^fgY\hZjuj�_afWl\beh�d�k�j �





ρ = ρ + ρ′

ui = ũi + u′′

i

P = P + P ′

h = h̃ + h′′

e = ẽ + e′′

T = T̃ + T ′′

qj = qj + q′j
Y	�

h
va|�j�fW�mhZko`³² kQh}d^��be`W�afgk�kQd

e
`³² |QhZkQ[^�mfgk fWh}d�kQ[^hZkmT

stk�ju|���_�bed^fgY\hZj�vak  3b�l�fgkQ[�� ��d�Y��nk�j�����`cb�X�b�lB[�k��)�

∂ρ

∂t
+

∂

∂xi
(ρũi) = 0

∂

∂t
(ρũi) +

∂

∂xi
(ρũiũj) = − ∂P

∂xi
+

∂

∂xj

[
τ̃ji − ρu′′

i u
′′

j

]

∂

∂t

[
ρ

(
ẽ +

ũiũi

2

)
+

ρu′′

i u
′′

i

2

]
+

∂

∂xi

[
ρũj

(
h̃ +

ũiũi

2

)
+

ρu′′

i u
′′

i

2

]
=

∂

∂xj

[
−qj − ρu′′

jh
′′

]

+
∂

∂xj

[
ũi

(
τ̃ij − ρu′′

i u
′′

j

)]

� lnk�i0`³² |��}_�bed^fgY\h'vP² |Qd�bed �
P = rρT̃

stk�d�kQhZj�kQ_a[
τ̃ij
[�kQ�a[�|�j�kQh}d�k)`cb"��be[^d^fgk�])Y(½nkQhahZk�vU_ d�kQhZj�kQ_a[-vak�j i�Y\h}d^[�befWh}d�k�j l�fgj��}_ZkQ_Zj�k�j(TO�Hd-`gk�d�kQ[^])k

−ρu′′

i u
′′

j = ρτ t
ij

k�j^d�`gkod�kQhZj�kQ_a[�vak�jui�Y\h}d^[�befWh�d�k�j3d^_a[^xa_a`gkQh}d�k�j��°Y\_%d�kQhZj�kQ_a[�vak-�8kQ½�hZY\`gvaj �ªT

stk�d�kQ[^])k
ρu′′

jh
′′ = qt

j

k�j�d;`gk�®Z_U©�vak8i���be`gkQ_a[2d^_a[^xa_a`gkQh}d��BfW`�[�kQ�a[�|�j�kQh}d�k3`³² kQh}d^��be`W�afgk3d^[�behZj^��Y\[^d�|�ku��be[2`gk�j
®Z_ZiQd^_�bed^fgY\hZj8d^_a[^xa_a`gkQh}d�k�j�T

stkod�kQ[^])k 1

2
ρu′′

i u
′′

i

k�j^du`³² |QhZkQ[^�mfgk-iQfWhZ|Qd^fg��_Zk-vakod^_a[^xa_a`gkQhZi�k
ρk
T

s{b ��be[^d^fgk0])Y(½nkQhahZk vU_�d�kQhZj�kQ_a[ud�be_U©�vakova|ª¯°Y\[^]�bed^fgY\h±j(² |�iQ[^fWd-�
S̃ij =

1

2

(
∂ũi

∂xj
+

∂ũj

∂xi

) TUsH² �}½B�OY\d^�Zw�j�k
vak 
�Y\_Zj�j^fWhZk�j��)��kQ[^])kQd�vP² kª©B�a[^fW])kQ[8`gk0d�kQhZj�kQ_a[ud^_a[^xa_a`gkQh�d8j�kQ`gY\h��

ρτ t
ij = −ρu′′

i u
′′

j = 2µt

(
S̃ij −

1

3

∂ũk

∂xk
δij

)
− 2

3
ρkδij

�
du`cb `gY\f vakoXZY\_a[^fgkQ[��ªd^_a[^xa_a`gkQh�d�k��-��kQ[^])kQd�vP² kª©U�a[^fW])kQ[u`gkolnk�iQd�kQ_a[�®Z_U©%vak-i���be`gkQ_a[8d^_a[^xa_a`gkQh}d3j�kQ`gY\h��

qt
j = ρu′′

jh
′′ = −µtCp

Prt

∂T̃

∂xj
= − µt

Prt

∂h̃

∂xj

SmS
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